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INTRODUCTION 



In this unit we introduce the mathematical idea of a topologi- 
cal trans formatipn or deformation. Topology is the branch of 
mathematics concerned With the concepts of continuity and 
connectedness.. In topology we study what happens to ob-r 
jects a.nd ^urfaceSj^when they are transformed by twisting, , • 
bending,, pulling or^^stretching, but not by tearing or cutting.* 
Under such deformations, some properties of objects and 
surfaces. are not preserved. These are generally measurable 
properties and include area , ^length, mag of angle, shape, 
size^ etc. properti'fes are preser?/ed ancf include, 

aipong others, connectedness, insideness-outsideness and 
continuity. Topology is commonly called "rubber sheet" , 
geometry. For ejtample, if you stretch a rubber sheet map of 
the United States,, the areas of the states and the lengths of 
the rivers will change. However,, the relative location of the 
states ajid rivers will, not change, and Salt Lake, for example, 
will remain within theXboundary of the United States. 

One of the basic concepts of topalogy is that.of the continuity 
of points in a set. The t^i^ologist, in his imagination, looks 
upon the objects and surfaces he deforms as continuous csets 
of points . We say that there is an Infinite number of points 
on a line segment; see l/nits 10, 21 , 22. Just as the*points 
on. a line segment form a continuous set, so also do the points 
on a surface or in a three-dimensiona.Lpbject. The continuity 
of points on a line is an esseotiai characteristic of the real 
number system and of the number line we use to fepresent it 
geometrically • The continuity of points, on a line or in a plane 
is also at the heart of the calculus and of all the basic theo- 
rems of analysis in mathematics. So, as the children study ^ 
the deceptively simple properties of the surfaces and bbjects 
that th^y deform,, they are introduced to the groundwork for 
much of higher mathematics. In this unit the children will 
often work with sets of discrete objects rather than with sdts 
of continuous points. For example, the 48 states of the con-- 
tinental United States .or the main features of a human body 
constitute the elements of some of the sets that they will 
study. They v;ill observe trans fprmations of these sets and . 
study how measurable and non- measurable properties change 
jander a transformation. Thus the children can transfer their 
ideas about sets'of discrete objects to sets of continuous 
pointsr^ 



Another concept that is basic to the idea of a topological 
transformatidn is that of one to one correspondence, with 
which the children in the.MlNNEMAST -program are familiar. 
Consider a set of points or simple elements ^^hich is topo- 
io9 = cally transformed.. The set, in its finalJform, will cor- 
-resDond Doint by point or element by element with the origi- 
nal"'form,* in spite of changes in size or shape. The children 
are given simple examples of this concept. For instance, in 
Section 4, they will try various ways of flattening the globe 
in ovdet to make a flat map. .They will see that although . 
angles, distances and shapes might change, the features, 
of the flat map may be matched one to one with the features 
of the globe. They vfiU realize that there is always a one 
to one correspondence between points (geographical features) 
on different versions of the same map. Thus the concept of 
one to one coVespondence, whichlthe children firsl^ worked 
•with w+ien'they began counting a.id using- natural nuiVibers, 
is further" developed and applied in this unit. 

' The concents of continuity and one to one-correspondence 
are two of the most fundamental ideas in set theory and, 
indeed, in mathematics. In their study of transformations 
in this unit, the children are exposed to these two concepts, 
on-a^ basic,, intuitive and geometrical ;evel. 

NOTE: If possible ,\se the two films that are listed for Les- 
son 7.- The films are: 
. MoiiarchBut^^ Enryclopedia Britannica film, U min-. 

Listed belovy are some books that you might find useful while 
teaching Ihi's unit. 

Barr, S. , P.vneriments in Topology , New York: Thomas Crowell . 

Hdbe^rt,' O.^i'nd s' Co'hn-Vossen, Heometrv and,the Imagination, 
New York: Chelsea House, (Chapter VI) . „ - 

Kasner, Edward and James Newman, Mathprnatics and l^e Imagina 
tion, New York: Simon ai:d Schuster, Inc. , (Cha-pter 7), 

Life-sHii-nce Library, Mathematics , New York: Time, Inc., 
(Chapter 8) . 



MEASURABLE AND N ON -MEASURABLE PROPERTIES 



This section reviews many of the ideas introduced in earlier 
MINNSMAST units, such as properties, .classification, one 
to one correspondence and measurement. \ 

In Lesson I the children review the ideaHhat a property is a 
characteristic or attribute of an object, or a set of\pbjects, 
leading to the important idea that number is ^-also a property 
of a set. By using one to one correspondence, they e^n com- 
pare the number property of two or more sets. "They review^ 
classification ideas with sets of animal cards, using common 
properties'such as the number of digits on a front foot, etcy, 
as' the" basis for classification. \ 

In Lessons 2 and 3 the children study measurable properties 
of two-^and three-dimensional figures. A measurable prop- 
erty is one to Which a number can be assigned, usually By 
measurement with some instrument (e.g. , ruler, protractor).. 
Examples of measurable properties are length, area and vol- 
ume. * _ 

In Lessons 4 and the children study non-measurable, prop- 
erties of two- and three-dimenaional figures. "In this unit 
the non-measurable properties are- "boundedness" (pertaining ' 
to boundaries), order of points on a line or in a plane and 
"insideness'-outsideness" (in-out)., which has to do with the 
location of points in reference to a boundary. 

This study of measurable and non-measurable prpperties^ pro^ 
vides a basis for investigating properties that change'and 
properties that do not change under tran-sformation. 



Lesso n I: PROPERTIES OF OBJECTS AND SETS 

The purposes of this lesson are: " . ' \^ 

- to review"the usage of the word "property" when describing ' 
a characteristic or attribute of an object or a set of objects . ^ 

- to use one*to one correspondence as a way of comparing 
the number property of two or more sets ; 

- to have the children classify sets of animal cards using 
common properties of the animals as the basis of classi- 
fi cation, 

in this unit, as in Unit 26, What Are Things Made Of? , the 
word "property" refers to a characteristic or attribute of ah 
' objectora setof pbjects. Hardness, shape, color, thick- 
ness , -texture , size , etc .T MeTwords that denote Properties 
When describing properties of sets, such words as "number 
and "order" are also used. 

TvlA-TERIALS ' . 

' _ Letter to the Student (provided in the Stude-nt Manuals) 

- story, "The Education of Peter von Hahgg" (provided in 
this lesson an^ also in the Student Manuals) 

_ 30 pairs of scissors ' . ■ 

- Worksheets I - S • ^ . i 

' PROCEDURE • ■ . 

Activity A 

Distribute the Student Manuals to the children and have them 
open-to the student letter. .Read it over-with them This 
letter introduces two story characters , Peter von Hahgg and 
. Snry who will appear from time to time to help introduce ■ 
and review certain concepts. The first installment of the 
Story follows the student letter; Have the children turn to 
■ the first installment and read through it with them. In this 
part of the story, Peter and Henry clarify a ^o^-on misun jr- 
stending children often have of the word "property , that is , 
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they chink of property as land. Peter and Henry also review 
one to one correspondence (matching) as a method of compar- 
ing the number of objects in two sets. 





THE EDUCATION OF PETER VON HAHGG 

Peter von Hahgg, Pig -in -Chief of Hillendale Farm, was very 
proud of his highfalutin title and more than a little pompous, but he 
did have a very good heart, after all. 

His friend, Henry, a clever but modest fellow, went to the 
Little Red School House five of the seven days out of.the week. On 
the sixth day he t6ok long walks with Peter, and on thp seventh, he 
rested. ^ ^ 

The two had been friends for quite" some time .now.— When ^ 
Henry came home from school, Peter would tell him the farm gossip 
and Henry, in turn, would explain much of what. he had learned that 
day to Peter. Peter w^s a highly intelligent pig. He had taUght 
himself^he 'alphabet and could spell such words as pedestrian, 
entldisestablishmentarianism and reticule, which, you must admit, 
is pretty impressive. He even hod a library card and checked books 
out of the local library so he could bone^up on ,air sorts of subjects. 
All in all, Peter von Hahgg was one of your more well-informed and 
high-toned pigs. However, as you will soon see, there were cer- 
tain topics about which Peter knew nothing, which is not to say that 
he wasn't perfectly willing to learn. 

One fine Saturday afternoon in April, shortly before the begin- 
ning of daylight saving time, Henry and Peter went out for a stroll 
around Hillendale Farm. They were eager to look at the young lambs 
and chickens and ducks and to see how the gardens were growing. 
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'•properties?" asked Peter. "Do they own property? Other 
than the ground* they're scratching on, I mean?" 

"Siily pig," replied Henry, "I mean — well, when I say prop- 
erty that way', I mean the things you can see and describe. about the 
chickens that make them chickens — like their feathers. Let me see 
if I can explain it better. The properties of a chicken include its 
feathers,, its wings, its ability to lay eggs, its two feet. You get 
the picture?" . 

"Pm not sure,'; answered Peter, curling up his tail as he 
thought about it, the way 'most people wrinkle their foreheads when ' 
they try hard to concentrate. 

"Well, Peter, before you get your tail all bent out of shape 
thinking about it, I'm going to assemble a set of objects and let's 
see if you can describe some properties that all of them have. O.K. 
'Henry 'asked. ^ ^ 

"O.K. ," replied Peter, but^Vithout much enthusiasm. He was 
a teeny bit afraid that he might riot be able to answer Henry's ques- 
tions and he hated to appear foolish in Henry's eyes.— _ 

And with that^ Henry walked off to the bam and returned a 
quarter of an hour later, carrying two white baby rabbits, and lead- 
ing a young lamb, a kitten and a puppy. He brought them pver .tathe 
oak tree that Peter.was standing under. As he sat the rabbits down, 
on the ground,, Henry said quietly to all of them, "Now, don't run 
off until I tell you you can go. You understand? " And turning- to 
Peter, he said, "Very\A^ell, then, Peter, can you describe some prop 
erties^of all the animals in this set?" 
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**Hmm. . . .let's sea they all have four legs, they all are 

covered with fur, they ar^all of them living animals what I mean 

is, they're not plants or buildings or stars but they are animals /' 
explained Peter. J / 

"Verrrrrry good/' exclaimed Henry. "Anything else? " 

"Well, the lamb and the two rabbits are white," Peter said. 

? • 

*'Yes^ but the kitten'^nd the puppy arep't white," Henry re- 
plied. *'You see, Peter/ I want you' to tell me the properties that 
all the. members of this |set have in common. That means the prop-- 
erties that they all have — like they all have 'tails. — or as you men-- 
tioned earlier on, they! all have four legs. " 

. / ■ . " \ 

"Oh, I see," Peter answered. "They alLiliayeftwo ears," he 

^ -J ' ^^'' 'vd^ 

continued, "and two;eyes and they all can move around. They all 

eat ^^nd they all sleep and they are warm when you curl up next to 

them." , " 

"Now you have my Idea," Henry said. 

"Say, Henry,' this is kind of fun," said Peter. "Why don't 
you — if it's not too much work, I mean — why don't yoiumaks 
another set of different kinds of objects and le^: me describe their 
comifTifen properties? " ' , ' . - 

"O.K." replied Henry/ (who wanted to be a teacher when he 
grew up an'yway) and so saying, he went to the tool shed and came 
back pushing a wheelbarrow that held a rake, a hoe, a shovel and 
a trowel. He lined up these things on the ground and asked Peter, 
"What^re the common properties of the objects In thi^et?" 




And quick as a bat, Peter an-swereid, "They all have wooden 
parts and they all hav§ parts made out of metal and they all have 
handles. And — oh yes — they, are not animals, They are all used 

» . . - 'as' 

to work in a. gardeij^." ' • * - 

"Right!" exclaimed Henry. "Anything else? " ^ . 

\^ "No, not anything else that I can see," Peter answered. 

"But you know what, I just noticed something that's interesting. " 

) "What's that?"" Henry asked. 

"Both sets — the set of living ariimeTis and ,th? set of gar- 
dening tools - have five objects in them-. Could you say that 
V ' tHe number of objects in e^ny set is "a property of that set?" 

- . "tJot so., fast, r said Henry. "You meatipned tv?o very ^ 

Dortant things. You're absolutely right when you say that the num- 
- ' ^ ber is an important property. Whatever, the number of objects in a 

.set — 2,49, 100 — it's an important property. You also noticed 
" .- that in these two sets, both have the same number of objects. You 

must have compared them in some way;,. Can you'show me just how 
you know that each set has the same number of objects' ip it? " 

"•Why, .that's easy," replied Peter. "Look, you can match 
one object in this se.t to an object in that set and not have any 
left ever-."'-" ' ' " 

And, wouldn't you know it, that's just what Peter von HaKgg- 
did! He matched the rake to the kitten, he matched the hoe to the 
puppy, the wheelbarrow to a rabbit, the shovel to the lamb and the 
trowel to the other rabbit. " 
'r, ^, . it There you arS; Henry/' Peter exclaimed; Stepping back to 

* look' at his work. 
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"That's very good, ".Henry said. "Do you know what you 
have just done? You, my friend, have matched one to one the 
objects in. one set with the objects in another set. In other words, 
there is a one to one correspondence between these two^ets." 

"Well, dog my pats!" squealed P^ter in excitement. (Peter 
had a hard time keeping cool when he got excited.) "So that's 
what I did. And now I understcind what you mean when you say 
one to one matching of the objects in a set." 





1^9 
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Henry had been noticing that the shadows cast hy the tree 
had been growing longer and longer, so he turned to Peter and 
said, "Well, old buddy, it's been a long afternoon and this- has 
been a pretty- deep discussion. What do you say we return to the. 
house And have some lemonade before we clean up for supper?" , 

"Sounds like a good idea to me," said Peter, who .was hot 

one to turn down lemonade nor food nor even cleaning up for supper, 
« , ■ . . 

As the two friends walked down the lane to the farmhouse," 

'J 

Peter nudged Henry in the ribs and said, "Speaking of chickenSi, 
I have an important question for you to answer, Henry.." 

"So ask me," said Henry. 
■ "Can you tell me, " asked Peter, ." why did the chicken 
cross the road? " 
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After the tlass has finished reading* the story, ask the chil- 
dren if they would like to play a gam^* in which they describe 
some properties of objects and sets bf objects. ' . 

v. ' ^ 

Game I: Properties of Objects ' 

<''' — y ♦ * 

< 

First have the childreij describe some propertied "of an objegt, 
such as a book or an eraser • Then ask' one student to leaye ^ 
the room for a few minutes and tell him that when he comes- ^ 
back into the classroom t^e other children will describe ther 
properties of some object in the room. His job will be to ^ 
^figure out wnich object they described. " -'^ - ' ; 

While the child is outside ^he ropm, the rest of the children 
decide which object they wish; to describe. Caution them - ^ 
against looking at the object when they describe its proper- 
ties. Also, they cannot tell the name of the object, .i.e. , 
they shouldn't say, "It's a clock." Call back the student 

who was sent out and proceed with the game. v 

• - 

Game 2": Properties of Sets of Objects ' , ' - 

Have a set of four children/stand at the front of the room. 
Ask^the class to describe some properties of this set of chil- 
dren. Some powible properties arfe: 

; — . there are four members in the set ^ 

- they all have two legs 

' — they all are wearing, twq^^shoes 

— they a're all girls ^ 

^ - they all have dark hair • . 

Ask someone to divide the set into two subsets according tp 
some property. (For ex&mpie, three girls in one subset, one 
girl in another subset; one' subset has three long-haired girls, 
^the other subset has one. short- haired girl in it.); The class 
should then try to gue^s by what prpperty th^ child determined 
the subsets. (In this example, the property i's'hair iength.) ' 

Repeat the procedure, but this tim^ choose a set of -dissimilar 
objiscts, e.g. a child, a plant, a pair 6f scissors and a * 
glass. Ask the children to describe some properties of this * 




set of objeGts . Some possible properties are: 
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- .they are all solid 

they are all taller th^n they are wide -^'^ 
. ' ' ^ "there are four members in the set ^ ^ - 

Have B'c\iijd divide'the Set-into subsets according to* some ^ ^ 
property ./fop example./ he mayn^ake a subset of the child 
and the/lant and another, subset of the scissors and the 
glass' The determining property in this example .is whether 
' th^ object is alive or not alive. 0"r perhaps he wilUdivide ^ 
* these objects into a subset .of the child and the scissors and 

■ another sublet of 'the plant and- the glass and say that the < 
- ■ . ^'irst'subsefhes ';iegs" and the second subset; does -not. Or 

■ te-may make orie subset of the plant, the^scissors and the 
glass and another subset of the child. In. this case the deter-, 
mming property is whether the object is an.animaL or not; ^ ^ 

■ Tfe cla-3s" should Wain tryto guess by wl^at property'the child' 
" determined the -subsets^ The child who g.uesses the correct^ 
-. property gets to" choos,e a new sat of objects and also to de- 

■ term'iue the subsets', _ .. . 

Activity B ' : . ■ * . , 

' Ask the-childreh to tear Worksheets I through 4 o^t of their 
' ^.anliais-. They should cut each worksheet into fo5r-parts - . 

along the dotted lines. When they are done, they will have 
' 'a s^ of sixteen animal cards . On one side, of each card is a 
Rawing of an animal. On the othet side are- sma ler drawings 
of the front paws and the bSck paws of the animal. 

■ Assign partners and hav^ them sit next-to each other: Ask' 
. eech child to divide his set of animal cards into subsets 

usirig any property. he wishes. ^ When they are finished, each 
child should determine .whaLproperty his partner used to 
classify his set'of animal cards. When this is done, ask , 
them'tb reclassify their s.et of cards according to another . 
property. Then'they should check their partner's work as 
before. , ' ' gfk 



.Extra, motivation for this activity could be to have the children 
see which pair comes up with the greatest number of classif:- 
cation Droperties. When the children have had enough time to 
try several classification schemes, list on the chalkboard 
some of the properties that were used, The following diagram 
illustrates one possible classification scheme: 




no legs 
(snake) 



4 -limbed 
tother 15 animals) 




5 toes on front feet and 
5 toes on back feet ' ' 
(man, ape, racoon, 
beaver, skunk, oppos- 
sum, bear) 



5 toes on front feet an^ 
4 toes on back feet 
(cat, dbg, elephant, 
mouse, squirrel, wolf, 
frog, turtle) 



^1/ 



Discuss with the class the idea that the number of toes on an 
animal's hand or foot can be matched one to one with another 
animal's digits. 




To further clarify the idea of one to one matching, have the' 
children complete Worksheet 5, On this worksheet, all the 
main features match one to one on the man and the. bear 
(2 eyes to 2 eyes, 5 fingers to 5 fingers, etc.), except for 
the bear's tail. Discuss the worksheet with the children 
. after they have completed it. 




'^ S;;;;;in:iEASURABLE properties Of'2-PIMENSIONAL figures 
The purposes of this lesson are: 

- to study such measurable properties of 2-dimensional 

figures as length, mag of angles and area; 
_ to provide the groundwork for.investigating properties that 
change and properties that do not change under certain 
transformations. 

Measurable properties are>those tp which a number can be 
assigned, usually by measurement with some measuring in- 
strument (ruler., protractor, clock, weight scale, etc ) . • 
Examples of measurable properties are length, area, height, 
weight time, volume, etc. Non-measurable properties are - 
. those that must be described without the use of numbers and 
measurements.- For example, order of elements m a set . 
^ color characteristic shape or form. open or closedness of a 
curve, etc. . are non-measurable properties. 

MATERIALS 

' - 30 protractors (from UnU 26) . 

- 30 rulers 

- 30 pairs of scissors ' 

- 30 pieces of 5 f " >c 3" paper 
_ 30 pieces of string, each" at" least 12" long 

- story. "The Same or Not the Same? ", (provided in this 
* lesson and also in the Student Manuals) 

_ transparency of Worksheet 6 (optional; printed original isT 
included in the appendix of this matiual). 

- overhead projector (optional) 

- Worksheets 6-1'! 

PREPARATION 

' Before class, cut 30 pieces of 5 I" X 3" paper. Use any 
. - kind of paper. 

. * 31 ^ : 
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Cut 30 pieces of string, each at least 12" long. 

If you wish to make a ticinsparency of Worksheet 6 for demon- 
stration purposes^ a printed copy of it is included in the 
appendiX'of this manual. 

PROCEDURE. 

Activity A x 

Remind the children that In the previous lesson they talked 
about such properties of objects- and sets of objects as color, . 
thickness, hardness , elc,^ Today they are going to read a 
short story about two sisters who get into an argument about 
properties . 

Have the children open their manuals to the story, VThe Same 
or Not the Same? " It follows Worksheet 5, Read the story 
together with them. It introduces some of the fundamental 
ideas that will be investigated in this section and throughout 
the unit. That is, under certain transformations, certain 
. properties change (measurable properties) and certain prop- 
erties do not change (non-measurable-properties). 



THE SAME OR NOT THE SAME? 

Greta and Irfene were very excited. They were visiting their 
grandfather in New York City and he was taking them downtown to 
visit a giant balloon factory. The girls were excited about the bal- 
loons because they were the ones used in the big Thanksgiving Day 
parade every ^year. Greta and Irene had often watehed the parade on' 
television in Minneapolis where they lived. They loved to see the 
drum majorettes, the clov^ns and jugglers,, the beautiful fairyland 
floats and the live anima-ts — and, of course, Santa Glaus. But 
best of all were the giant balloons. There were ballqons of many- 
famous cartoon characters like Superman, Donald Duck, Mickey 
Mouse'Snd Popeye. Some of the balloons reached to the very tops 
of the apartment-buildings. Jhey had seen all of this on television, 
and now they were going to see the real balloons at last!- 

"You girls are very lucky, " the man at the factory said; "We 
usually keep the ballo6ns flattened out a-nd stored away in huge 
cartons all year. But 'Mickey Mouse is badly in need of repair and 
we've got him all blown up 'in our big warehouse. " 

The girls and their grandfather eagerly followed the balloon - 
man into the warehouse. As they entered the huge room they were 
amazed to^see a gigantic Mickey Mouse looming high above their 
heads and reaching ali^iost to 'the top of the five-story roof. Greta 
and Irene both exclaimed "Wow! " They just couldn't believe how 
large the Mickey Mouse balloon really was. 

« 

'We're trying to find a couple of leaks," the man told them. 
"And we're also touching up some of the colors so he'll look just 
like our original Mickey Mouse statue over here. " The girls looked 
at the tabic where the man had pointed. On the tabic was a small 

0 



atatue of Mickey Mouse, aboHt two feet high. 

"That statue is funny , " said Irene. "It's just like the big 
balloon." '. ^ - 

"Oh no , " argued Greta . "The Mickey Mouse balloon is com- 
pletely different from this little statue". Can't you see that, silly? " 

^"Now wait just a minute interrupted Grandfather. "I guess 
they're the same, but different tool " • 

. Greta and Irene stopped*arguing. They both looked ppzzled. 

WHO WASRIGHT? GRETA , IRENE OR GRANDFATHER? 

WHAT' PROPERTIES WERE THE SAME ABOUT THE MICKEY 
^ MOUSE STATUE AND THf BALLOON?. 

iJ- WHAT PROPERTIES WERE DIFFERENT?' • 



After you have finished reading the' story, discuss, the ques- 
tions at the end. Since these questions are meant to be open- 
endedy accept all suggestions that the children give. At the 
beginning of Section 3, you will refer to this story and give 
the children an opportunity to answer the questions in more 
detail. • - ' 

Tell the children that in this and the next few lessons, they 
will be ihvestigeting some of the types of properties the 
Grandfather in the story meant when he said that the statue of 
Mickey Mouse and the balloon of Mickey Mouse were the 
same, but also different. - 'O- 

Activity B ' - . 

« 

Review the following measurement ideas. All of them have 
been used in previous MINNEMAST units, especially Units 12, 
16, 21 , 22, 24, 25 and 26. 

. - I . The "appears to equal" sign ^ 

When we measure lengths, widths, areas, weights, etc. , 
we get only an approximate measurement, so instead of 
using the equal sigh, we use the. "appears to equal" 
sign. For example, "tfie length of the desk = 5 feet." 
'Since i^t may-^actually measure 5.0000012 feet, it is in- 
correct to say that the length = 5 feet. 

2. Length or distance 'measurements 

The children shouldn't h^ve much trouble tneasuring line 
segments. However, they may not remember how to 
measure the disiance around a circle. Jfou may want to 
give the childre'n time to thinfe of a way to do It. Orie 
possible method is to lay a string along a circle, mark 
the circumference with a pencil and then lay the straight- 
ened string along a ruler. 
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3. Mag of angles 

The children were introduced to" the standard protractor 
in unit 26, What Are Things Made Of? , pp. 172-178. 
- The children will be using their protraqtqrs from Unit 26 
throughout this unit, Review.the ideas according to the 
needs of your class. ; 
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Area , 

Children iiil the MINNEMAST program have not actually _ 
measured^rea since first grade in Unit 12, Measurement 
w ith Rei^ence Units . Therefore, -you may need tp spend 
more tiAie reviewing this notion than you spend on other; 
measunement ideas. 

Below is a possible sequence of ideas you may want to 
"follow when discussing area with your class. 

- Area was defined in Units 5 and 12 as the "size of a 
region on a surface bounded by a simple closed curve. " 
For example, tlj^e size of- the region bounded by the edges; 
of this page ils called the- area of this page. ^ 

- Have the children look at the transparent grid on Work- 
sheet 6. To find Worksheet 6, have them turn to' the back 
of their manuals . Give each child a piece of paper that 
measures 5| " x 3" . Ask them hovftheir grid could be used 
to measure the area of the piece of paper. (They could put 
the grid over the paper and count the number of grid squares 
it takes to cover the piece of paper.) Have them do this. 

6 
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They will* soon discover that 
some of the grid squares fall 
only partly on the paper. Sug^ , 
gest that they^se the following 
rule: "Count a grid square if its 
center falls, i^i the region to be 
measured. /The dots in the cen- 
ters of th^ grid squares can help 
decide. " Te^U the children to try 
to get as many whole\quares as 
possible on\p the surfa^Q they 
are measuring. 

If the children have difficulty 
using their transparent grid sheets 
make -a transparency of Worksheet 
6. Use tKe overhead projector and 
illustrate the measuring process 
for the children. 



In this example, 15 of 
the dots fall completely 
in the region to be mea- 
sured and 3 dots are on 
the boundary. In this . 
case, the children stiould 
see that two half^squares 
make one whole square, 
therefore, the'^^area of 
this region is I6| square 
units. 



• 


• 




4 

• 




• 


■■''^ i 




" -^^^ • 




• 










• 

* 










• 






! 














• 











6U: 



27 



ERIC ! 



- Rather than call the units "square units," ask the chil- 
dren what else they might be called. Have them measure 
the dimensions of the grid, squares ^with their rulers. They 
s^uld see that the squares -measure I " x 1 Suggest 
that the square units be called "square inches. " 

- You may want to ^ive the children a chance to practice 
making measurements with their transparent grids. First-^ 
have them complete Worksheet 7 and then let them measure 
the surface area of several objects in the classroom. They 
can record their ineasuremepts on Worksheet 8. Suggest* 
that they measure the area of some circular or "curved" " 
regions, such as the cover of a jar, a closed curve drawn 

' 'bn the chalkboard, etc. 



■orkaljiMt' 7. 

MeatJr« th« feicfon*. 
Rewiber the. rule: 




(^uiitU nquiire If l t» i enter fill Is 
*wlthln the nren to be ■ensured. 




square uftlts 



•nuare units 



Worksheet 8 
Unit 2t 



The aren oT 

The nren of 

The nrcn of ^ 

The ;iren of, 

The nren of 

* *the iirco of ^ 



The nren of. 



The nrea,of_ 



nren of_ 



The nren of. 



Nnise. 



Area Hecord S.teet 



. ^qunro* liu'hen. 
.Miunrc lnchcfi. 
.square !nT"hC}J. 
. sO'unrc lucheji. 
_aaunrc Inched. 
^8<run're Inched. 
_;^qunre Inchcn. 
_ squnre Inches.' 
^aaunre Inches, 
^squnrc Inc*»e9. 
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Ktiul the m-.iisurable properties of this trlaiiKjIe. 
♦ LciKth of sides ^ 4 

'3- 

, Inches 

.Side i Inches 
4 Ma»{ of ftHKlej* 

anicle A .dcitreeR 

_ileKree* ^ 



an»cle C 1 
* Area 1 t'T- 



JL5L 



.degrees 



.square i niches 



Worksheet 10 
UiitC 28 



LenKth of each Hide g ^ Inches, 



Mak of each ansle 

Area of the square ^ 
square Inches, 



.deffrcct. 




TheJIstance around the circle (the clrcunrerence) * 

The distance across the circle throuKh the Ald<fle ^ 
(dinneter) Inches. 

JZ — squs 



The area of the clrculsr region 



squs re Inchts. 



Horkshcet II 



Saiw?, 



AB - hoUht 
(1) widtl)^ 



Thc/hcUht of the fnce-i .^si 
The width of the fntc i , f /, 



Inchc*:. 
ncht«i, 



The aren of tlw face 



The distance around the fhcc . LJlI — lnchc«j. 



Activity C 

Have the children complete Work-..- 
^ sheets 9, 10 and I 1/ They will 
rieed a standard pro^actqr*'(frbrn • 
Unit 26), a ruler, a pieqe of string ^ , 
(at least 12" long) and the trans - 
X parent grid (Worksheet 6) . * Dis-" 
CUSS' their answers when* they have * 
finistfed- their ^worksheets. • 

The measurement -ideas and devices ^' 
reviewed in this lesson wiirbe, used- 
extensively .throughput the rest of ' 
the unit;, therefore, have the chil- 
dren s^ve theij; string / protractors/^ 
rulers and grids for later use; Yob 
may want them to keep'their meas- 
uring devices- together in a f alder. 



29 



Lesson 3: MEASURABLE PROPE RTIES ':<SF 3-DIMENSIONAL OBJECTS 

• P 

• The purpose of this lesson is: ■ ■ . 

- -ttf stu'dy some of the measurably iJroijerties of a cube and a 
sphere, such as surface area, circumference, mag of 

- angles on a cube and volume. 

MATERIALS ~ • , ■ 

.■•— 30 pairs of scissors . • , . , 

transparent tape (as many rolls as possible, up to 30) 

- I measuring pup, filled with sa'nd ■ • 

- m'easuring devices from Lesson 2" (protractor, ruler, -^String, 
• and transparent.grid) . 

- 30 balls <assortment of different sizes, from golf balls'to 
basketballs), I per. child ' 

- Worksheets .1 2 - ^1 5 
PROCEDURE ^ ' • 

> 

Activity A , 

Briefly 'review some of the properties the children me'asyred in 
.Lesson 2, such as length ' (distance) , area'and mag. These 
■ were all properties of figures drawn on a flat surface.; Tell 
the children that today they are going to^in^>estigate some of 
the measurable properties of objects that are not "flat" — 
objects that have length, width and height - like a box or 
a ball. ■- , 

Each child, wf 11 need scissors and a few pieces of trans- 
parent" tape. A^k the children to tear out Worksheet 1 2 and 
follow the accompanying instructions to'constfuct the cube. 
To find both pages of Worksheet 12, tell the dhildreh to^ 
turn to the back of their manuals. ^ 

! 

Whem the children have constructed their cibes, have them 
take out their measuring devices from Les_;gon'2 (protractor,' 
ruler, string and transparent .grid). Then/they should complete 
Worksheet 13/Discass their answers with them. Some child 
may see that fin easy way to find the to/al surface area of the 
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•orksheel '\Z, cont "d. 



1. Cut-out the riicure nlouK'thc dotted I Iocs. 



2. Fold alone; the^dArker lliws. 



3. Tuck In the tabs. ^ 



4. Tape the tabs shut. 



5. You should have a box (cube) whett yousffre 
finished. 



cube is to find the area of one, 
face Bnd .then multiply ithat by 
the 'number of faces (2 x*2 = 4; 
6 X 4 = 24 square inches). 

in discussing the last question . 
on Worksheet I 3, "What other 
prqperties of the cube could ,you 
measure? ";6ome possibilities 
are its volume"^(capecity) and its 
weight. One way to measure the 
volume of the cube is to 'tape 
completely the edges of one cube, 
.except for a lid face. Then pour'^ 
sand into, the cube. Measure 
the amount of sand used by pour- 
ing the sand out of the cube into 
a measuring cup. ^Another method 
would be water displacement^ 
but this would be more difficult. 

Ask the- children to save their 
cubes. jTlie.y y/iil be used again 
in Lessdn .5. 



Worksheet 13 
Unit 28 



Na»c_ 



^ ■ 

.Mcisurablc Propcrtlc?! of o Cubot 



IxK)!^ at the cube you mrtdc. 
The surface .irea of the cube 



squ.1 



square Inches. 



Kind corner A. Mcisure the cllst.inc<; fromA to R 
to F to G to The total distance' 



Incites « 



Measure the anglrs at* the comers of >our cube. 
Each .in«le ^, H^^rr^c. 



Hhat ojhcr properties of your cube could >'<»u 
* measure? 



Activity B ■ , » 

Review with the children some of the properties they measured 
of their cubes: surface area, - distance around, mag- of angles, 
volume and weight. Then holdup a ball. Ask -the class what 
- properties of the ball they could measure and how they vSould 
measure them. List their ideas^ on the chalkboard. 

Then have them complete Worksheet I S. To, complete this ■ 
worksheet, they must actually measure'the*Gircumference, the 
surface area and the voTume-'of a bald. On-the reduced work- 
sheet are sample answers- for a child who has a s.bftball. To 
answer the last question^ the child must decfde which kinds - 
of balls are smaller'and largerjfian'tiis-TDall. - , 
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•orkshe^t IS 
Unjt 28 



' 'Metstfrable ^ropertlei of « Sphere * 



-.Tlxi. dUt«nce aroupd Iclrcu«ference1 pf i^^ball i 



ce Area of try bin*ilZ:^»auarc Ir 



The surface j^rcQ of 



Inches. 



rUc'\o\\sme of my.btd\ *hen It l« cb«PiMircd to lhc.» 
other Iwllai: 

> vohiw: of «jfeijift6£-b«ll . 
< volutnc 



er|c . 



4C; 
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Listed below are possible ways the children could make these 
measurements. 

• « 

I. ^ Circumference (distance around) 

The children could use a string to measure the circumfer- 
ence. Wrap the string around the ball at its "widest" 
part , and then measure the length of the string with a ruler. 

^ 2. Surface area 

Worksheet 1 4 is a 
page of inch squares. 
These squares should 
be cut out and taped 
on*half of each 
sptiere. The total 
surface aree^ of the 
ball can then .be 
, computed by multi- 
• plying by two the 
number of squares 
used. 





When the children do ihis-activlty, 
they will sooit.see that the inch 
squares need to\be "folded" or 
"pushed together" in order to con- 
form to the spherical surface of 
the ball. (The smaller the ball 
is , the better. ) 




This is an important experience for the- children , since later 
in this unit they will encounter the reverse of this situation 
when they try to flatten the surface of a sphere. They will _ 
find that this cannot be done without "stretching" the spheri- 
cal surface. 

Children with similar balls may want to compare their surface 
area measurements. For some of the ba.lls, area measurement 
may vary by as much. as two square inches or more, depending 
on the amount of overlapping and gaps. The children should 
be able to make approximate measurements even with this 
rather crude measuring device. • . 



3 . Volume r 

At this point, a comparative measurement of volume is 
all that is necessary. This could be done by lining up^ 
the balls on a demonstration table according to "size. 
The children could write on their data sheet. Worksheet--.. 
15 , where their ball stands in relation to the other balls. 

After the, children have completed Worksheet discuss their 
"answers with them. 

Finally; review some of the properties the class has measured 
in the last two lessons: length (or distance) , ^ea , mag- 
volume and perhaps weight.- Remind the children of the differ- 
ent figures with which they worked - triangle, square, cube, 
circle, face, sphere. Then ask them to try to think of sonje 
prpoerties of these figures that are not measurable properties. 
Tell them ta think^about this for the next lesson. 

Save the cubes and spheres^for Lesson 5. 



Lesson 4: NON-MEASURABLE PROPERTIES OF 2-DIMENSIQNAL FIGURES 



The purpos.e of this lesson is: 



/ 



to study two of the non-measurable properties of 2-dimen- 
Sional figures. These two non--measurable properties are 
order and "boyndedness * " 



MATERIALS 



crayons 

story, "The Education of Peter von Hahgg," part 2 (pro- 
vided in this lesson and also in the Student Manuals) 

Worksheets 16-23 



PROCEDURE 



Activity A 



inlt 2» 



5 4i 






Ask the children to turn to 
Wor'ksheet 16. They will 
probably recognize the'se 
figures a'$ the same ones ' 
they looked at in Lesson 2 
(Worksheets 9, 10 and I I), when 
they were .looking for measurable 
properties. Ask them if they can 
think of any properties these 
figures have other than such 
measurable properties as width, 
length (distance), area and^mag 
of angles. Accept all reasonable 
responses and list them on the 
chalkboard. Although such non- 
measurable properties as order . ' 
and boundedness are intuitively 
obvious, the children may have 
difficulty verbalizing them. This^ 
is to be expected. 

After the children have had an 
opportunity to think about non- 
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measurable properties of the figures on Worksheet 16, have 
them turn to'the second installment of. "The Education of 
Peter von Hahgg. " It foUoy^s Worksheet 16 in the Student 
Manual. In the story, Peter and Henry have to think about 
the order of points on a curve as a non-measurable Prope^y. 
Another character, Ho Hum Bug, helps them and the children 
visualise the order of the points as being a constant; that 
is, the order of the poiiits remains the same no matter where 
the observer stands. 
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THE EDUCATION OF PETER. VON HAHGG 

Part 2 . ^ 

It was very, very late in the morning, but Peter von Hahgg 
was still snoring soundly.in his com crib. He probably would 
have slept the whole day through, except that the Saturday sun- 
shine, flashing in through the slats, hit him in the eye^ and 
awakened him. Rolling out of bed and rubbing his eyes, he. ex- 
claimed,, "Td better get moving if I want to get anything done 
today!" ^ , . ' 

He threw on his clothes and washed his face and it was 
while he was brushing his teeth that he remembered what it was 
he warited to do that day. He wanted to go over to the 'library 
and read up on "things mathematicaU " Peter was a bit weary of 
hearing Henry tell ;^ut what,he was studying at Little Red School. 
He had decided that with a little study here, a little more reading 
there, he could out-distance Henry and perhaps teach him a thing 
or three. 

• • 4.3 
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As he hung up his toothbrush /Peter thought to himself, "I 
just hope I don't run into Henry before I get a chance to go to the 
library." But, just as Peter came rushing out of the corn crib, he 
bumped smack into Henry, - 

"Oh, hi, Henry," gulped Peter, as his hopes. went into a 
downward spiral. 

"Hi/ Peter," replied Henry. "I was just coming to get you 
up ahd^ask you to help me with my homework. Well, actually, 
it's not so much .homework. Our teacher, Mr, Picaresque, just ^ 
told us to think about a few Jhings over this weekend, and I need 
a little help with the thinking." 

"Oh sure," answered Peter, "Td be glad to help. What's 

up? " 

"Yesterday afternoon in class we talked about measurable 
properties — you know what that means. Properties like width 
. and length and area are measurable," explained Henry. 

"Oh yeah, I know all about, that stuff," replied Peter casu- 
ally. (Actually, he didn't know all about it, but he knew enough 
to get by. ) 

"Most everything has measurable properties," continued 
Henry.* "A piece of paper has a length and a width and an area 
and its angles have mags, and you can measure all those things." 

"Yes, yes, I really do understand," .said Pet^r impatiently- 
"So what are we supposed to think about anyway?" 

If 

"Nori-^easurable properties," answered Henry. 

"NON-measurabl§ properties?" asked Peter. "I'm not sure 
I know what you mean." 
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"Neither do I. That's why we have to think about it, " replied 
Henry. ' 

"Oh. Well." said Peter. That's all he could think of to say. 

Then he said, "Maybe we shouM try to figure out what non- 
.measurable means. I suppose, it must^mean a. property that^ can't 
be measured'with a ruler or a protractor or a clock or any device. 
Right?" 

"That sounds pretty good to me," said Henry, wishing he had 
thought of it first. ■ ' 

"Do you have something we could study for its non-measur- 
' able properties?" asked Peter. 



"Let me draw some of the figures we looked at yesterday in 
class," said H6nry. "We looked at their measiirable properties, 
but Mr. Picaresque told us that they have some/ non-measurable 
properties, too." Picking up a stick, he drew /four figures in the 
dirt. 



6 





"What do all the letters stand for? " a.sked-Peter 



"Beats me," answered Henry. "But they were on the pic- 
tures. They might have something to do with non-measurable 
properties . " * 



O I/. 
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Peter von Hahgg pu'Ckered up his snout and peered at the ' 
drawings, then he gazed at his front hooves as. he always did 
when he thought deeply. After that he uncurled and recoiled his 
"tail once or twice, but despite all these efforts, he was unable 
to see any NON-measurable 'properties. 

At that moment, Peter glanced up and saw a most peculiar 
bug fluttering. in his direction. The bug, in addition to the'usual 
number of Aeg.s„ahd wings and feelers that you find On any bug, 

' had an extraordinarily intricate and colorful design whLch began 
on his head and covered his body" but faded into insignificance 
at his tail. The design swooped and curved and curled — except 

■ when it reached hir^taiU of courseV where.'it stopped and left you 
somewhat dangling. The colors - azure, emerald green and ruby 
red, topaze and ariiber and deep, deep violet - shimmered and 
glowed in the late morning sun. The bug drifted lazily on the 
breeze, over to Henry and Peter, where he alighted on Henry's 
shoulder. ' * . 

\ "Good morning, gents," said the bug. 

\Good morning," replied Peter. "You're a very beautiful 
bug, most of you anyway. I'm curious to know why your design 
stops when^it gets to your tail. " , 

"Oh thc^t," 'said the bug, yawning and stretching his legs. 

\ 

"Ho-hum n^st never had the energy to finish the design.'-' 

\ 'J 
"I should lil^e to know," said Henry cautiously, "what kind 

of a bug you are. i<^e 'never seen the likes of you in these parts 
before." \^ 

"Oh„ my name iS Ho Hum, yes Ho Hum Bug, atyour;servlce," 
answered the exotic, slee^^y little bug. 

\ 

\ 
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"Well/' 



said Peter, "so long as you are at our service, 

perhaps you can tell us what the non-measurable properties of 

these figures are." And he pointed to the figures that Henry had 

drawn in the dirt. % 
•■^ 

"Certainly," said Ho Hum Bug, shrugging his shoulders/' 
"Watch me/' And he fluttered down and began walking around the 
first figure, the triangle. 



"You notice, fellows, thai as I walk, I begin at Point A, 
then I move towards and through Point B and from ther^e on to Point 
C. That's the order of my walk -r moving from Point A to. Point B 
to Point C. And as long as I keep moving in the same direction, 
the order of the points I go through is always the same — |a, B, 
C, And the order of these points is a non-measurable property/' 

\ 



"Well," said Henry, to whom this explana'tion seemed awfully 
simple , "what about if I stand on the other side of you 9nd the tri- 
angle? As I look down at you moving , you are going from my right 
to my-left. ..." - > ^ . . 

"But a5 I look at him, he's going from. my left to my right,", 
interrupted Peter. "I don't see that ^hat has anything to do with 
the onier of ^the points on the triangle.." ' " , 

' *^ut if'l go.stand on the other side and'watch Ho Hum Bug 
*mqve through th'e points-, w^gn't that change th^ir order? " asked^ 
Henry. ^ * • ' 

"Try it/' 'said Ho Hum Bug.* "Try it and see.;*.'- 
" * 

So Henry walked around to the other ^ade of the triangle, 
and Ho Hum kept crawling around fhe tTiangle and as he crawled, 
he still moved thVough the points in the order A, B and C\ 

"Why don't you.try standing on your^.head, Henry?"- sug- 
gfested, "Peter. "Perhaps that will change the order of the points. " 

So Henpy tried standing on his head, but even then. Ho Hurn 
continued to poye through the points in the order A, B and C . 

"You see, Henry," explained Ho Hum; "it doesn't make* any 
' differehce-at all where or hdw you are standing. It doesn't make 
any difference at all if you pick up the triangle ?nd me and move 
us to the other side of the earths. There will alwayg-be an order to 
the points 6n this triangle and what's 'import^n't are those points 
and rpe. You've got to try to .imagine what^t's like to be me, moving 
through the points." 

"OOoh'hh I think I finally understand what you mean,". 

said Henry. "For exaniple, it's a property of Peter's face that his 
eyes are between his nose and his ears. But you can't measure 
that, it's a non-nieasurable .property. " 



**Prepisely/* murmured Ho Hum Bug. "Now that you seem 
to see the light. Til be off. I've got a long way to go yet today." 

So saying, the exbuisite little bug drifted away' and Peter • 
and Henjy watched him uhtil he wa^ no more than an iridescent ^ V 
gleam in their eyes. \ 

'yhen Peter turned to H^nry and said, "That was very in- 
teresting, wafen*t it, when Ho Hum said^ that we have to imagine 
what it!S'-4ike to be him movingv through the points." 



i 



^ .... , 

"Y^'s^'^it was," answered Henry. "I've never before thought 
what i't must be like to be in someone else's shoes. " 
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\fi lh« *si»« rtiret Hon, anU *fA>*ltf<J atl -ihe >av iM^k 

O 




^rlJe tho or^cr Im^ *cr*t ;h^<Hll!^ tht- poin>3-. 



-J . 

_a 




fl<> Ihin Hjr started at 
point J\. 

\ 
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Worksheet 19 
imt 2ft 



Jjook a: the -cu've^ or< 'Aorkshcct*^ H mhI 18. 

ro«p«rc the <,ur%e« to each other. 

Are the *mxsv^ thi; ^ns;c or fUffcrcnl? _ 



If you ^ftiil the H.i(a»i, teM they arc the sanHJ. 

^jiML^^^- j?o I yi 



If y<w-^«ld different, teU-ho* they arc iSlffcrcnt. 
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When the children have 
finished reading the story, 
have them do Worksheets 
17, !8 and I9, Then dis- 
cuss order as a non-mea- 
surable property of the 
figures on Worksheet 16. 



Activity B • . * 

Have the children complete Worksheets 20 through 23. They 
will need their crayons for Worksheets 21 and 23. Wheri they 
are finished,, havf them look again at Worksheet- 20., Ask' 
them if they can chink of another non-measurable property 
these figures have. Eventually, the children should see 
f that these figures have the property of separating an^inside 
region "from an'outside region. Thi^ is called the property of 
"bbundednesf . 

J. : ' - 

y 
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Kork^hcet 21 
wn 28 



I^k at »orkshc*t 20. 

4 

Color red the boundary that separates Ik) lhJ« f roti 
the othef bu«s. 

Color blue the Ixjundary that separates '»5ldo from 
the other buss. 

Color Oscar's boumlary Kreen. 

Color Opal's boundary black. 

Color all the regions that are Inside boundaries 
yellow. 

Color pink the region that Is outside the boundaries. 
lk)» TTAixy regions are tlicre?___b_ 



\ / 
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ifH»k at i««rk'*lM»r| 20 
-V 



Without ^teppiMH o^cr twun<Jar*,^ ^ 
- *.«ri 0>nr Ofsal^ 



k m iU» Hun MWt Opan 



r; 



nM»ih«»r wHh*>iii ".trppiiiic » ^HMu(«d»»r% , 



Worksheet 23 
(flit 28 



Naue. 



^ l^t lk> Hum's Rul<r to find out If lk> llu« aiid MaKicie 
ar^; in llnr -<aoe r<rcioii, Arv they? 




<olor red the reeion insldv the bt-uiwlary. 
Arc !k> Ihm and Maeelv irtsldc the l»oundary'> 



X 



46 



ERIC 



Lesson 5: NON -MEASURABLE PROPERTIES OF A CU«E? AND A.SPHERE 



The. purpose of this lesson is: 

~ to study two non-measurable properties of a cube and a 
sphere. These two properties are order and "boundedness. * 

In studying both the cube and the sphere, the children dis- 
cover what happens* to the inside and outside spaces when the 
boundedness property is changed". These ideas will be im- 
portant when they begin'^to study transformations in Section 2. 

MATERIALS 

- 30 cubes (from Lesson 3) 

— crayons 

— felt tip pen or grease pencil 

I "ball (any size, preferably volleyball size) 

- I balloon 

PROCEDURE 
Activity A 

Review the two non-measurable properties that were introduced 
in Lesson 4 — order and boundedness. Then ask the children 
. to take out the cubes they made in Lesson 3. Ask them if they 
think order is a property that their cubes might have and have 
them give reasons for their answers. To illustrate that order 
is a property of their cubes, have them color corner A red, 
corner B blue, corner F green, and corher G yellow. The chil- 
dren should see that no. matter where they hold the cubis (be- 
hind! ttem, below them,* etc.) corner A (red) is still located 
between corner B (blue) ,and corner G (yellow). 

Some child might also suggest that the edges or^the faces are 
in a particular order. You could label the faces I through 6, 
as on a die, and observe that opposite sides remain opposite, 
no matter how the cube is oriented or viewed. Give the chil- 
dren time to discover for themselves that the order remains 
the same ho matter where the cube is held in space. 



Ask the children if they think their cubes have the property of 
boundedness. They should see that .the surface of the cube 
acts as a boundary, separating the space inside the cube from 
the space outside the cube (that is, if one ignores the openings 
between edges that are not taped securely). 

Suggest that the children/think of the classroom as a huge box 
with the walls, ceiling and floor of the roori\^as a boundary 
separating the space outside the room from tt\e space inside 
the room. Ask them what would happen to the\ space inside 
the classroom if someone opened the door. Retoirid the chil- 
dren of Ho Hum's Rule. To illustrate the rule, .have. one child 
stand in the hall and another stand at the front of\the class-- 
room. 

According to" Ho Hum's Rule '(adapted to 3 -dimensional ^pace), 
if two bugs (oF people) can get from one place in a region to 
anotheV place, without going through a boundary, those two 
■ places are in the same region. With the door open, the child 
in the hall can reach the child in the room without going thro\wh 
a boundary. Therefore, they must both be in the same region 
vyhen the door is open, even though it may seem that the two 
children are in separate regions. 

The children should realize that by opening the door, the" 
boundedness property of the classroom w&s changed. The 
space inside the room is no longer separated from the space 
outside the room. 

Activity B ■ 

Gather the children around a demonstration fable. With a felt 
tip pen^=or a grease pencil, draw a circumference around a ball. 
Label points on the circumference. Discuss with the class the 
order of the points asi a property of the ball that does not cha'ng 
'when the location of the ball is changed. 



Discuss the boundedness of the ball in terms of the surface of 
the ball as boundary that separates the space inside the ball 
frQm the space outside the balL 

Next,, blow up a balloon^ Hold the neck of the balloon closed 
and discuss its boundedness property* Ask someone if he 
would like to change the boundedness .property of the balloon. 
The child will probably open the neck passage or he might poke 
a hole in the balloon — either way, the space inside the balloon 
will no longer be separated from the space outside the balloon. 



These ideas, will be in^portant later in the unit when you begin 
discussing which properties change under a transformation. 
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TRANSFORMATIONS 



In this- section , the children are introduced to the idea of a 
transformation." A transformation can be thought of as an 
operation, real or imaginary, that changes a set from one 
form into another form. The initial form of the set, before 
the transformation, we shall call the "starting set" and the 
final form, after. the transformation, we shall call the "end- 
ing set." 

Lesson 6 iritrcduces the words "starting set," "change" and 
"ending set." The children make their pwn examples of 
these things by casting shadows of their hands on paper 
and outUning them. They are asked to ^thihk of the hand as 
the starting set and its shadow as the ending set and to 
compare the properties of the two sets. 

t 

In Lesson 7, the children investigate several interesting 
transformations. These include, among others, making a 
Mbbius strip, opening a flip top can, melting an ice cube, 
burning a candle, watching films of the metamorphoses of a 
caterpillar into a butterfly and a tadpole into a frog. 

In Lesson 8, the children begin to develop some notion of 
what constitutes a "useful" ending set and which properties 
must be retained under transformation and which properties 
may change under transformation and still produce a "useful" 
' ending set. In this lesson, they do-this-by-studying several 
different checkerboards, actually playing checkers and mak- _ 
ing their own checkerboards. They see that for this situation, 
a "useful" checkerboard is one on which they are able to 
play checkers, no matter how odd the board may look at first 
glance. They also discover that to produce such a "useful" 
checkerboard, there must be one to one matching between 
the starting set (standard checkerboard) and the ending set 
(their special checkerboards) and that the non-measurable 
properties of boundedness, in-out and order must be retained, 
while the measurable properties may change. 

In Lesson 9, these ideas are developed further. In this les- 
son, a "useful" ending set is defined as a "recognizable" 
one', and the children learn that the non-measurable proper- 
ties must be retained under transformation if a "recognizable" 
ending set is to be produced. 



\ 

i 

' J. 

You v/ill see that as the children progress, through" 'this s:ec-^ 
tion, their idea of wHat a transformation is -narrows down. 
They begin with the idea that there are many kinds of trans- 
formations and then focus their attention of| a special kihd 
of transformation that produces a useful" or "recogniz3,ble"\ 
ending set. This kind of transformation occurs when the 
non -measurable properties are retained under transformation 
while the measurable properties may or may hot change. 
This is called a topological transformation, although. the 
children will not learn this term until later omin Section 3. 
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Less on 6: TRANSFORMATIONS - HANDS- AND SHADOWS 

' ~ . 

The purposes of this lesson are: 

- to introduce the children to the terminology of "starting 
set" and "ending set" ; ■ ' 

- to study which properties change and which properties do " 
not change when a "starting set" is -transformed into an . 
"ending set." 

MATERIALS 

- I balloon (optional) ^ ^ 

- light source for casting shadows, (if -the sun is not shining, 
use severaLprojectors- such as a filmstrip projector, an 

_ . overfiead projector, a film projector, etc.) 

- 30 large sheets of paper such as newsprint 

- pencils ""^^^ 

- Worksheets 24-29 

PROCEDURE 
Activity A 

Briefly review some of the different properties discussed in 
earli'er lessons, 'such as measurable properties (length area, 
.etc ) ind non-measurable properties (order and boundedness). 
Tell the children that they will be using what they have ^ 
learned about'properties to discover some properties that 
change. 

Review the balloon exercise from Lesson 5. Ask. the children 
to think of the blown-^up balloon as a "starting set. Explain 
that the "change" would be to poke a hole in the balloon, and 
that an "ending set" would be the deflated balloon. If the 
" children have difficulty visualizing this, you may want to do- 
this activity again with the balloon. 

Ask the children what property of the "starting set" changed. 
They will probably say its boundedness changed. By poking 
a hole in the balloon you have changed the boundedness 

6 J 
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property because the rubber surface no longer bounds or 
holds the air in the inside space. The inside space is^no 
longer separated from the outside space. 

To further r<3inforce the ideas of "starting set, " "change" 
and "ending set/' draw the following sets on the chalkboard 
and label them as sjiown. In each case, discusajwhich'piop 
erties changed from the "starting set" to the "ending set," 



starting set ending set 




The prppertfes that changed from the "starting set" to the 
"ending set" include. shape, area and width, 

starting set * ending set 




In this example, the properties that changed from the "start- 
ing set" to the "ending set" includa boundedness, one to 
one matching > order and shape, as well as such measurable 
properties as area and length. 



«ork«hMt 24 
Unit 3t 



Think of your tund t start Injc tct. 
Describe the properttift of your left Mud. 
t. Smlbtr of rtnwr*'. 
2. Order of finncrs^ 



X 



Color or hand 
•n>lcluie»5 of hand £ 



Surface area of one aide = /7 . si- 
ll there a buuinlary that separates an Inside 
renlon fron an outside rctloii? — 



In. 



Activity B 

Have the children open- their 
manuals to Woricsheet 24. Tell 
them .that their left hand is going 
to be their "starting set "'and on 
"this worksheet they, are to de- 
scribe the properties of their 
"starting set. " through each 
property with the children as 
they fill in the appropriate in- 
formation. Question 5 asks for 
the surface area of one si^de of 
their hands; To make this \meas- - 
urement, have them tear out one 
of the area grids, Worksheets 27, 
28 and 29. (Incidentally, reduced- 
copies of these worksheets are^ 
not include.d in this lesson. Th^ey 
are exactly like Worksheet 14/ \^ 
see page 32.) They should lay v 
a hand on the grid, with their 
fingers close together, and out- 
line the hand. Remind them to 
include as many whole'squares as possible. By counting the 
squares and parts of squares on the grid, the children should 
be able to get an aporoximate area measurement, probably 
from 13 to i 7 square inches. The children should number the 
squares as they count theirx, as-shown in the illustration below. 



7. .Shape. Dra» a siwU picture of your hand. 
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When the children have completed Worksheet 24, tell them 
that they are going to use sliadows of theli; hands for their 
"ending set,;' Then discuss the following propedure with . 
them* Vou may want to list this proceclure on the chalkbQafd. 



\ 



Each person gets a partner. 



2, Each pair gets a large sheet of construction paper or 
newsprint. 

3, The class w|ill go outside if the sun is shining. Otherwise, 
they will usje. projector equipment such "as an overhead pro-- 
jector, films trip projector, etc, inside the classroom. 

» • • \ 

4. Each child will cast the shadow of his hand on the large 
piece of paoer while his partner outlines the shadow 
with a felt tip pen. or a pencil. Then they will trade jobs 
— the seconjd child will cast the shadow of his hand and 
the first child will outline it. Tell the children that all 
of their shadows do not have to Ibok alike. They should 

label each s tiadow --casting with the proper child's name.. 

^ / , 

5. When they are finished outlining their hand shadows, the 
children willl return to the classroom and complete Work- 



sheets 25 and 26* 



Unit 28 



/tV^ i^er^ ^ ^/ // I/O 

Think of the Ah«dow of your hand a« an ending 
te«crlb« the properties of yoyr h«nd*9 ahtdow. 

1. MiBber of flncers^ ^ 

2. Order of finicert 



3. Color of ihAdow . 



4. Thlcknesf of shadow. 



5. Surface area of shadow =. 



.ftq. In. 



6, la there a boundary that aepAratcs an Inalde 
region fro* an outside region? ^.^^ 

that \9 II? i^d ^ -Ha. slfado£4) 

7. Shape. Draw a {tiuill pl<^tUre of your hand** 
shadow. 



Worksheet 26 
Unit 28 



KaM_ 



Look at the properties of your starting set (your 
left hand) on Worksheet 24. 



Look at the properties of your eiidlnfc set (your 
hand's shadow) on Worksheet 25.^ 



Which properties changed frOA.the startink •«< to 



the cndlnit set? 



is* 



Ask the children whether they think the properties of their 
"ending set" wiU be the same as the~properties of their 
" starting set. " • Then proceed Mth the activity . . 

Be sure the Children understand that the actual shadow is 
their "ending set" and that the outline they make is only a 
record' of the "ending set.". Emphasize this point as they do 
this activity. 

Question 5 on Worksheet 25 asks for the surface area of the 
shadow To make this measurement, the children can use . 
one of the surface grids provided (Worksheets 27, 28- and 29). 
When discussing the answers on Worksheet 25, you may 
want to have a profector set up for the children to.use to il- . 
lustrate their ideas. They would be especially helpful if 
someone claims that the number of fingers has changed. It 
is also helpful in showing how the order and shape of the 
hand have changed. 




Othf r properties tKat will change are: ' ^ 

I . Boundednesjl ■ ^ , 

Thefe will still be a boundary separating an inside region 
■from an outside region, but the kind of boundary -has 
chained. ''This is a result of going from a 3 -dimensional 



object to a 2-dimensional surface* In th.e ^'starting set, " 
the ^ki^ is the boundary and in the ^'ending, set, " the " , 
shadow outline is the boundary* - \ ^ 

If the children have difficulty v/ith these differences in 
kinds of boundaries, the following analogy may help to 
make it clearer. . " - * ^ 

. In the balloon example, the surface of the balloon 
separated the inside space from the outside space. 
If a hole is poked in the balloon, the air inside the 
balloon is no longer separated from the air outside 
the balloon. The skin of the hand separates the 
inside region from the outside region. If the skin 
is cut,, the flesh, bones, etc. inside the hand are 
no longer separated from the outside. 

Draw a boundary on. the chalkboard. 




Explain that this boundary separates the region inside 
(shade in the rggion Inside the boundary) from the region 
outside. 




The outline of the hand's shadow acts as a boundary to 
separate the inside from the outside. When we talk about 
3~dimensional space, a surface serves as a boundary. 
When we talk about 2-dimensional sp&ce, a closed curve 
serves as a boundary. ^ ^ , 

* 

Color ' . ' , ' 6 \ 

The "starting set" (hand) could he black, brown, white, 



yellow or red. The "ending set" (shadow) is a darker 
sh^ade' of the cojor of the surface on which it is cast. 
^In discussing this question indoors, the children may 
just look at their paper with, the shadow outline on it 
and say that ti^e "ending set" is the color of the paper. 
Remind them tc*at this is only a record of the "ending 
set. " Ask them what color the shadow was. 

Thickness 

The "startirtg set" (hand) is abcut ?"^tmck. The "ending 
set", (shadow) has no thickness. 

Surfao^area 

This will vary depending on the size of the shadow out- 
line. However, the "ending, set" could have the same 
area/as the "vSf anting set." 




: L_ 

Lesson 7: ' TR/u^ISFORMATIONS - MOBIUS STRIP AND OTHERS 



The purposes of this lesson are: 



-/ 



to reinforce the notions of starting set and ending set/ 



to provide more practice in describing which properties 
change 6nd which do not change under a transformation. 



MATERIAL^ . 



/ 
/ 



30 pieces of masking tape (approximately- I" long^ 

I I - * I 

30 pairs of scis< 




— |. unopen^'^ip'-to]^ 

- d few sheets of paper 

I • 
• - niatdhes . / 



..such as soda pop comes in 



- fbms; Monarch Butterfly Story ,, Encyclopedia BrJtannica Film 

Frog's Life , /Coronet Film ; 

- mealwbm jnd beetje colony (optional) 

- ( candle 

- 1^ ice cube 

- Tinkertoys XoptionaSi) 

- \^orksheets 30^and\3l 



PROCEDURE 



ERLC 



Activity h 



In this activity, the childfanTcon struct an/ending set that is 
called a Mobiy^-^fi^rT'^ the^ investigate which proper- 
^ie^-t:tTange&om tHe stafting seF/fo th^en?^^ they will 

be surprised to findv\that th^ number of siirface^and the num- 
ber o^ edges changes ^unexpectedly. 
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Each child vail need his manual, a scissors, a 1'* piece of 
tape, a ruler, and his crayons* Have the children turn to 
Worksheet 30. Go through the worksheet with them, giving 
assistance when necessary. After they have answered the . 
Questions dt the bottom of Worksheet 30, have them follow 
the instructions on Worksheet 3 1 . Yoy^ay want to demon- 
strate for the children hovy to twist the strip before they try 




7 2Si 



Worksheet 31 
tnlt 28 



Intnpc the vnd'^ of your l«pcr ^trlp istartliK scti. 
r^i^t the strip In a turn. 
Ket.ipc the urwJ*. 

Now your strip shfiuliJ look like thl'^. 




"niU |K your cndlnR-«ct. 



•JC Propcriles of your endlna sel. 

1. Untith ''^/^L^ Inches, 

2. Width ^ / Inches. 

3. NHiuihcr of cd«eA 

4. Niiwber of xurfncc^ 
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After the children have retaped the ends , ask them how many 
surfaces the strip has. They will prot)ably say two. Then 
ask them to crlor one of the surfaces black. The children 
v;ill discover that the strip now has only one surface. Ask 
them ho,v many edges they think the strip has. (Answers may 
vary; »some children will pro'bably not be so sure of their 
instincts.) Tell them to make little tears in the edge, starting 
at any point on the edge. 




They should continue making little tears along .the edge in one 
direction until they get back to the starting point. The chil- 
dren will discover that the strip now has only one edge. Have 
them answer the questions at the bottom of Worksheet 3 1 . 

Discuss what happened to the strip; i.e. , by twisting the 
strip, they changed the property of the number of surfaces on 
the strip and also the property of the" number of edges. 

Ask the children what they think would happen to the strip if 
they were to cut it down the middle. Most of the children • 
will probably say that the stiip will become two pieces. Have 
them cut down the middle of the strip. 




o 



ERIC 



To their surprise, they will still have a taped strip, all in 
one piece. The children should check the number of surfaces 
and "edges again. They will discover that now there are two 
surfaces and two edges. Ask them what properties of the 
starting set changed when it was transformed into the ending 
^ set. (Length and width.) 

f 

Activity B _ - 

In this activity, several other transformations are described. 
\ The examples embody the ideas about transformations that 
^ were i-nfroducgd in this lesson and the previous one. You 
and the ch i iHr^n will probab lv_±hinkj^man:oiore-exampi 
of transformations . 



-As much as possible, use the actual equipment described to 
.perform the transformations. T>ien discuss what happened. 
Stress the terms "starting set" and "ending set," and use the 
words "change" and "transformation" interchangeably. Also 
discuss which properties change and which are retained under 
transformation. After each e^jample, some of the properties , 
that change or are retained have been listed. Be sure to do 
the first example described, because it reinforces the ideas 
about boundedness that were discussed in Lesson 6. 



3t:>rting set 



transformation 



ending set 





ooen the can 



flip top can 
(closed) 



flip top can 
(open) 

Discuss the change in the boundedness property. Stress the 
idea that the soda pop inside the can is no longer separated 
from the outside region after the cah'^has been opened. 



2. starting set. transforntation ending set 




burn the paper 



piece of paper " * pile of charcoal 

V 



From fh^=^r^rt?y^g sftt pnHin|j^cPt^ the properties that 

changed include: shape, width, area , - colo r /. ^te xturQ^ -r- o rcterv; 
<-boundedness, etc. 



starting set transformation ending set 




ice cube melts 




ice cube — 



puddle^pf water ; 



From the starting set to the ending set, the properties that 
changed include: shape, boundedness, ord^r, surface area, 
etc. Properties that were retained include: amount of mate- 
rial (volume). 



4* starting set transformation 



ending set 




metamorphosis 




caterpillar 



Monarch butterfly 



If it is possible, use the Encyclopedia Britannica Film, 
Monarch Butterfly Story ,, which shows, this transformation 
in slow motion. 



5. starting set transformation 



ending set 




tadpole 



metamorphosis 




frog 



Use .the Coronet film, Frog^s Ufe , to show this transforma- 
tion. 
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't^iiting :^ei transformation ending set 




nietamorphosis 




beetie 



meaiv/orm 



your classroom (or borrow a colony from another classroom)* 



starting: -set transformation ending set 



candle burns 




c indle 



burned-out candle 



From the starting set to the ending set, the properties that " 
changed include: length, shape, width, one to one matching, 
order, etc- Properties that did not change include: color 
of wax. 
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8. " starting set transformation ending set 




^ronLtjje starting set to t he ending sef,-the-properties_that 
changed include order, rroperties uidL wyie ieLdifi^dJjir-1 
elude: measurable properties of the sticks, their color; 
one to one' matching may or may not change. 
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Le3oon 8: TRANSFORMATIONS OF A CHECKERBOARD PATTERN 



The purpcses of Ihis*^ lesson are: 

- to investigate transformations by transforming checker- 
bodrd patterns ; 

« 

to show the children that to produce a "useful" ending 
set of a checkerboard, the ending set must retain: 

I • a one to one correspondence with the elements of the 
starting set; * 

2. ~^th'e same^oundedness property the starting set has; 

3. the original order of the distinguishing characteristics; 

4. the "in -out" property, that is, what was inside the 
boundary must remain inside and what was outside the 
boundary must remain outside, (The term "in-out" property. 

- — - is introduced in, this lesson.) 

In Activity A, the children become familiar with the game of 
checkers and the checkerboard. In Activities B^and C, the 
children perform transformations upon the checkerboard pat- 
terns. Therefore, you may want to do Activity A one day, and 
Activities B and 0 the ne^ct. 

MATERIALS 

- 30 small plastic bags 

- 1 commercial checkers game (optional) 
~ 30 pairs of scissors 

- penqils 

- crayons 

- construction paper, at least 10 sheets 

- paste ^ • * ^. 
^ -''Worksheets 32-42 

lb 

PREPARA'TION 

For Activity B/ tfear 30 pieces of paper that measure approxi- 
' mately 3" x 3", Do not cut these on the paper cutter. 
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PROCEDURE- 



Activity A 

Have the children tear out Work- 
sheet 32 (standard checkerboard 
and checkers) . To find Worksheet 
32 tell them to turn to the back of 
their manuals. They should cut 
out .the 24 checkers at the bottom , 
oi the worksheet and label them 
with their initials. Give each 
child a small plastic bag in which 
to keep his checkers and checker- 
board . 

Ask the children if they have ever 
played checkers. Discuss how 
their checkerboard ,and checkers 
are different from the checker 
sets with which they are familiar, 
(Their checkerboard ^has black 
and white regions ; a regular 

checkerboard has black and red 

regions. Also, their checkers 
are white circles and~white triangles, while regular checkers 
are red and black circles.) If you have a commercial checker- 
board in the classroom, let the children compare it to their 
checkerboards. 

^ell the children that they will be doing some interesting ac- 
tivities with checkers ,^nd checkerboards, but first, they must 
become familiar with thfe rules' of the game, which are given 
below. Go through the rules with the class and then have the 
children find partners with whom.to play the game. Since each 
- pair will need only one set of checkers and, checkerboard, one 
set should be put away for future use. If you have several 
children who have never played checkers before, you may want 
to pair them with students who are familiar with the game. 

Rules for playing -Checkers-' 

The main object of the game is to capture all of the opponent's 
checkers. Each player moves his checkers toward his oppo- 
: nent's beginning row. 
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1 . The players sit oRpbsite each other, ' 

2. Each player has 12 pieces called "men" or "checkers/" 
One player has 12 triangle s, the other has 12 circles • 

3. Each player arranges 
his checkers on the 

. black squares of the - 
first three rows ; 

4. Until it is crowned, 
a checker maV only 
be moved forward 
diagonally, 

5* The checkers may only ^ 
be moved on the black 
squares, 

6. When a checker reaches the beginning row on the oppo- 
nent's side, it is crowned with a checker from those that 
the opponent has captured*, and thus becomes a "king," 

1^. A king may be moved forward or- backward diagonally. 

8, A checker may jump and 
capture an opponent's* 
checker if it is on an 
adjacent diagonal square 
and the square adjacent 
to the opponent's/checker 
is empty, See-diagram, 
(More than one»checker 
can be captured at a 
' time,) 
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\ Here the circle "man" "jumps three triangles in one move, 
, The circle becomes a king,i - > 

Tell the children to plan their moves carefully in order to 
' put the other player in a defensive position. 
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Activity B ' ^ 

Have the children take their checkerboards out of the plastic 
bags . Give each child a piece-of construction paper that 
•measures approximately 3" x 3". . 

Ask the children to think of their cheqlcerboard as a starting 
♦ ' set. Tell them' you want them to dra^a ^n ending set of their 
checkerboard oh the piece qf pa^/you gave them. They- 
muist follow these rules: ' ' , . ^ ' " ' 

• ' * • 

1 . 'They cannot use a ruler or a straightedge to draw their 

ending sets. . ' v • - ; * 

2. It must be possible to play a game of checkers on -the 

* ending ket, following the standard rules , with the regular ' 
number of chebkers (assuming that the checkers would ' 
be small enough to fit on the ending set). 

- • ' . . 

' With the.se rules in mind, the children should begin.' Some 
children may hesitate, while others will bpgin quickly to 
draw squares. In any .pase, have- extra pieces of pager^ 
available, for the children will probably discover that to have 
a usable checkerboard, they need 8 -regions x 8 --regions y al-- 
ternating black and white. That iS) there must be ope to one 
matching of each region of the starting s^et to each region of 
the ending set*(the same number of black regions, and jwhite 
regions).. Also, the property of order must be retained frpm • 
the starting^ set to the ending set;. , ' 



Ask the children to look at Worksheets 33 through 40. These \ 
» worksheets show examples of different ending sets of a checker- 
board. Ask the children if they can^d^ecide which ending sets. / 
v/6ifld be useful ds checkerboards.'' One way to decide >vould 
, be to try to play checkersr on each checkerboard (ending set). 
'Suggest this if the children don't. Then let therii^find partner^ 
and play checkers. When they are finished playing checkers , 
they should classify the different checkerboards (ending seta), 
according to whether they are useful or non -useful ending sets. 
/ They can record their results on Worksheet 41. / 



1 




tut out the endtnis *et-t at the bottort of th< 




Net- 




* * » 
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)iork<^r»evt 42 



liavc your partner bt^lp you aii^*er these qut'Htions. 
Uhat are tJw proiH*rtie« of the u><rful endlttk: 

OJUL-Wiliifi^ -fc^^Q^^^ii 

tKestartJna 5et Ca(ter naming 
- tLfcy crK/: all A'Mc^Agd^ 

^^^Uh.it ,ire the properties of tltC non-useful ^ 
etHltnc ,^ets' 



^ (V - . ^ - 

- 'T??*!? y^eg^*^^ that vjq^s intide . 
//i /)o hn^er ih the con^ct oy^der. 



Whea-the children have finished Worksheet 41 , they should 
try to figure out the properties of the useful sets and also the 
p operties of the non -useful sets and record these properties 
on Worksheet 42. While they are completing Worksheet 42, 
remind them to look at their starting set (the standard checker- 
board) so they can see which properties changed and which 
properties did not change. 

The reduced copy of Worksheet 42 contains .more answers and 
detail than is expected from the children. However, these - 
answers should be helpful when you discuss V\^orksheets 33 
through 42 with the class.,. You may want to write some of 
ther on the chalkboard. 0n the reduced copy, of Worksheet 
42, the term "in-out" property is used for the first time. Use 
thi5 ter ..\vhen you discuss Worksheet-40. Tell the children 
the in-out property refers to whether or not what is insid^ the 
boundary in thf^ starting set remains inside the boundary in 
the ending 3et and to whether or not what is outside the bound- 
ary rerriains outside. On Worksheet 40, the in-out property 
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h:iS changed fiom the .-^tartinq ret, and because of this change, 
the checkerboard li^ not a useful ending sfet* - 

tivity C: Checkerbo ^rd Content 

The purpo?:e of thi:: contest is to give the. children an oppor- 
tunity to construct their own trdnsformations of their checker- 
boards, Reviev; with them the following, rules £pr a useful 
ending set. 

1 . There must be one to one matching of each region of the 
starting set to each 'region of the ending set. (There 
must be the same number of black regions and the same 
number of white regions,) 

2. The original order of the regions must be retained in the 
ending set. 

3. The original in-out property of the regions must be re- 
tained in the ending set. 

The v;anner of the contest i^ the child who creates the most 
anusuaTtransformation of his checkerboard, while following 
these rules. 



Lesion 9: ONE TO ONE TRANSFORMATIONS 



The purposes of this lesson are: 

« * 

- to "show that non-measurable properties of a set must be 
retained under a one to one transformation if the ending 
set is to be recognizable. These properties include order, 
boundedness and in-out; 

- to show that even if the measurable properties of a set ^ 
change, the ending set is still recognizable. 

* 

A one to one transformation is a transformation in which all - 
the elements (objects) of the starting set are retained in the 
ending set. That is, the objects in the starting set can be 
matched one to one with the objects in the ending set. 



MATERIALS 



— pencils 

^' Worksheets 43 - 49 
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PROCEDURE 



J- • 

Have the children tear Worksheet 
43 out of their manuals. Ask 
them what the starting set is. 
(A photograph of a boy.) Then 
ask them what the ending set is. 
(A drawing of the same boy.) 
Ask how they can tell that it is 
a drawing of a boy and not / for 
example, a drawing of an^pple, 
or a truck, or a cat, etc^ The 
children sfiould bee thaWie 
drawing has features sinniLkr to 
those of the starting set-, such 
as two arms , two legs , two hand 
five fingers on each hand and a 
body. These similar features are 
also ill a particular order; the 
head and the legs are at opposite 
ends^of the body, etc. The order 




of these features helps to make the drawing recognizable as 
that of a "boy. " 



Remind the children that by keeping certain properties, thiy 
w^re able, in the last lesson, to make ending sets .(checker- 
boards) that were useful for pla^hg-checTcefs. Ask them what 
they think woujd happen if they*rev/ ending sets of the boy 
that did not keep such properties as order, boundedness, in- 
out and one to one matching of the main features. 'Suggest 
that one way to find'out is to try making just such drawii\gs^^.,-^ 

Have the children turn to Worksheet 44. TelU^henTthat on 
this"^ w£>rksheet they should draw an^nding set of the boy in 
v;hich thfe featur es of the staxting set cannot be matched one 
to one with the ^^tures of the ending set. You may have to 
revi^iv^bri'i^f[y^\vhat one to one matching of similar features . 
means: 2 eyes in the. starting set, ;2 eyes in the -ending -setf 
2 ears in the starting set, 2 ears in the ending set. Examples 
in which o;ne to one matching is not retained are: 2 eyes in the 
starting set, 4 eyes in the ending set; 2 ears in the starting . 
sets. 0 ears in* the ending sqt. - —r: ' 

When the ehlldren hav^ finished Worksheet 44, ask them if 
they think thfeir endina^et is recognizable as a drawing of a 
boy. (No, because boys\ don't have 3. eyes, or 4 legs, etc.) 
Have them tucn to Worksh^^et 45. On this worksheet, they 
should draw an eliding setthat retains one to one matching 
of all the main features of the starting set. But, they must 
change the ord^r of the main features. Worksheets 46 and 47 ' 
should, be completed ifi the same way, except thajt on Work- 
sheet 46, the property of boUndedness should be changed and 
pn Worksheet k7 , the' in -outj property should be changed. 
When the-chil0ren dp Wor^sHeet jl'p aslc them to think of the 
outline of the poy as the b6unda^ that separates the inside 
region from the outside region. / , . 

When the children ;(ave completed their drawings, have them 
ansy;er the questions on Worksheet 48. Discuss what prop- 
erties must be kept to produce a recognizable ending set of a 
boy. (It must be a one to one transformation. The properties ' 
of order, boundednes^s and in-out must be kept. These are all^ 
non -measurable properties.) -Ask the chfldren*whether or not 
they think it is necessary to keep all the measurable properties 



sixirting set' , " ' > endioK set 




Chancre the boundedness property. 




H1i> Mf why 'Wf* 



\ 



Worksheet 49 
Unit 2B 




to have a recognizable ending set. For example, does the 
height of the boy in the ending set have to be the same as 
the height of the boy in the starting set? 

Have the children turn to Worksheet 49 and compare th6 prop- 
erties of the starting set (the man at birth) to the properties 
of the 'various ending sets (man at other stages of development), 
Bnng out the following ideas during the discussion: 

1 . Each ending set is a one to one transformation of the start- 
ing set. That is, each of the main features o£the ending 
set can be matched one to one with its corresponding fea- 
tures in the starting set. 

2. In the ending sets, measurable properties such as height, 
v/idth and area have changed. 

3. In the ending ^eps , non-measurable properties have been 
retained. These properties include order, bourdedriesq 
and in -out. 
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Tell the childreh that in the next section, they will^have a 
^:hance to construct some one to one transformations in which 
measurable properties change and non-measurable properties 
are retained -^^ — - - 
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SECTION 3 



TOPOLOGICAL TRANSFORMATIONS 



In Section 3, the children study topological transformations 

-by-^-v<Drk-ing-vvith-a-v^lriety-o^mclteriBis-^-For-L-esson-I-Oryou 

will arrahg.e different "rubber sheet activity stations" at 
which the children get a chance to stretch , twist /and bend 
sheets of rubber on which different starting sets yhave been 
drawn. This is one way to make a transformation in which 
the non -measurable properties are retained while the mea- 
surable properties change. . ^ 

In Lesson 1 1 , there are clay molding activities, where, with- 
out cutting,, tearing oxi overlapping the clay, the children 
transform one figure into another figure. The first figure 
constitutes the starting set and the last figure, the ending 



set; 



Lesson 1 2 introduces the term "topological transformation" 
for those transformations in which measurable properties 
change and non -measurable properties are retained. Itv^is 
lesson, the children use projection eqqipment to make tr^s- 
formations. 

In Lesson 13, the children see how a grid can be used to 
transform a starting set into an-ending set. T:h.ey also see 
that a grid reference system can be used to describe a loca- 
tion. 

In Lesson 14, the children use a grid to transform one map ^ 
of the United States into another form of that map, andflee' 
that when a map is thus topologically transformed, it still 
retains the properties of boundedness, in -out and order of 
points, whtch produces a "useful" "ending set-map. 
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Lesson 10: RUBBER SHEET TRANSFORMATIONS 

V 

The purposes o f this le sson^ a re:__^—— 



to review briefly the ideas introduced in Section 2. Theser 
include one to one transformations and the prclperties of 



boundedness, order and in-out; 



to discover that stretchitig a rubber sheet is one way to 
make d transformation in which non-^measurable; properties 
are retained and measurable properties are -changed. 

/ ■ ^ \. ' " 

This lesson will probably require two or three clabs periods 
to complete. In Activity A, the children read the ilast in- 
stallment of "\:j:he Education of Peter von Hahgg. " In A6tivity 
B, they stretch,' twist and bend different Rubber sheets, at 
t^h d'ifferent activity. stations which you will set up in.ad- 
^ vance (see PREPARATION). Thoy also observe which proper- 
ties change and which are retained from starting setto'ending 
set. In Activity C, the students analyze the infoVmation they 
gathered about the properties of the;?ubber sheet sets, and in 
Activity D, they use their newly ^^uired knowledge to answer 
more fully the questions from the story, "The Same or Mot the 
Same? " in Lesson 2. ^ • , 

MATERIALS \ ' Ll' 

■ \ ' 

- 16 round balloons 

- 2 ruh^er bands 

- I long balloon 

- I red felt tip pen , , 

- I black felt tilp pen ^ ^ r 

- 30 pairs of scissors ^ - ' " • / 

- 10 station labels (see PREPARATIONK 

- pencils 



- 30 rulers 



- story, "The Education of Peter von Hahgg," part 3 (provided 
in this lesson and also in the Student Manuals) 



- rubber sheet activity book.lets (in Student Manua'ls)_ 

- Worksheet 50 " ' " 



PREPARATION 



Before class, prepare the following materials for the rubber , 
sheet activity stations.' (You will find that these'.preparations 
are very short and" easy.) . • \ _ ' 

* • ,• • " ' ■ ■ , - 

Station 1 Cut a rubber band^'once. with' felftip pens, pu^ a 
red dbt near each end of the strip and a blaclc dot 
betweeff them. ■ ' \ ' 



-A 



red 
dot ■ 



black 
-dot 



red- 
dot\ 
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Station ^ Cut a rectangular rubber sheet.o.ut of a rpund balloom 
^jylake it as large as possible. With a ball point p,en 
' or a fine tip felt pen, draw a circle and- label poi*hts 
■ on. the rubber sheet, as shown, v 




Statior 



3 Cut a rectangular rubber sheet from another, found 
~ balloon. Draw the foUowirtg pattern on 



B 
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Station 4 Cut another rectangular rubber sheet from a round 
balloorr. Draw the following design on it. 




Station 5 Draw a lin^ segment on anlong rubber balloon. 
Label points A^, B, C and D. 






<> 








• 


• 
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^ Station 6 . Draw a circle on ten round^baJloqns. Write X inside 
the circle. 




SJtatiJDp'^y Cut a rubber band once} — Tie four knots in it. 
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Station 8 



Cut a rectangular rubber sheet from a round balloon. 
Draw angle TAK on it as shown. 




Station 9 Cut a rectangular rubber sheet from another round 
balloon. Draw a square on it. 




Station *1,0 Cut a rectangular rubber sheet from a round bal- 
loon. Write the word "LOVE" on it, as shown. 




To make station labels, cut out ten 5" x 4" pieces of paper 
and write the numerals I through 10 on them. Place these 
station labels around Mhe room and put the proper rubber sheet 
materials at the appropriate stations. 



PROCEDURE 



Activity A 



Have the children turn to the third and final installment of 
"The Education of Peter von Hahgg. " It follows Worksheet 
49 in their manuals . Read it together and give them-an op- 
portunity to answer the questions in the story. 



THE EDUCATION OF PETER VON HAHGG . 
Part 3 

One evening,, right after supper but long before sunset, 
Henry and Peter were ambling down the lane in search of adven- 
ture. Peter had just finished reading Treasure Island that after- • 
noon, and he secretly hoped to stumble upon some buried treasure, 
or at least an old map pointing the way. 

Just as they reached the end of the lane, a shaggy brown 
dog came loping up to Henry and said, ".Hello there, Henry, how 
are you? *' 

"Why hello," said Henry, somewhat startled. "Do you 
know me? " ^ ' 

"Of course I do, " said the dog. "Don't you remember me? 
Here, look," and he took outTiis wallet to show Henry a photo- 
graph. "I used to live here on Hillendale Farm, when I was a pupr 
My name is Old Brown, but you called me Brownie, when f lived 
here," ' ' 
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^ Henry squinted at the photo" of Old Brown as a pup. "Why 
yes, of course/' he exclaimed / "I do recognize you now! it's 
great to see you Brownie!" * ^ 

"And it's good to be back," replied Old Brown. "Who's your 
friend? " 

"Oh, I beg your pardon. This is Peter von Hahgg, Pig-in- 
Chief of Hillendale Farm," said Henry, hastily making introductions. 
"And Peter, this. is an old friend of mine. Brownie Dog,- or as he says 
OldBrbwn." 

"Pleased to meet'cha," said Peter. ^ 

^ . I 
"The pleasure is mine," repliedT Old Brown. 

"Well, Old Brown, what have you been doing since I saw 
you last? Why did you leave Hillendale Farm?"' asked Henry, 
who was extremely curious to find out what had become of his old 
friend. 

"You remember I ran away from home as a young pup, I 
wanted to see the rest of the world, or at least as much of it as 
I could." 

"And did you?" asked Peter. 

"I saw quite a lot," Old Brown said. "First I traveled 
around this country and then I went to South America, all the way 
down to Tierra del Fu^go, where I worked for a while, herding 
sheep. Then I'met the captain of a ship going north, so I became 
a sea dog and eventually worked my way back "here." 

Pester .said nothing. He had only read about the places Old 
Brown had been to and it boggled his mind to think of traveling 
that fair alone. 
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"Wow!" exclaimed Henry. "I wish I would have run away 
with you! But maybe, someday. . . .anyway, Did. Brown, you must 
have some pretty exciting stories to tell." 

' "I do, at that," replied Old Brown. 

"I can hardly believe it's really you," continued. Henry. "If 
you didn't have that old photo with you, I wouldn't even recognize 
you, you've changed so much." 

"We all do, Henry, m'bby, we all do," answered Old Brown. 

"Yes," said Peter, who had finally found his voice. "It"«; 
as if that photo were a starting set and Old Brown here is the end- 
ing set." 

"Now, that's* very Interesting, but what does it mean?" 
asked Old Brown. 

"Well, you know — you started out one way, as the photo 
shows, and you ended up another way — as you are now. And in 
between, there were lots of changes," Peter explained. 

"Yes," said Henry, picking up the thread of Peter's thought, 
"you are still recognizable as a dog, even after all these years 
and all your experiences. " 
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"You don't say!" replied Old Brown, who was mpre-than a ^ 
little amused, and even a bit intrigued by what Henri' and Peter 
were spying, 

_ . • ' • 

"S^re," Peter said. "Y^ur measurable properties have cer- 
tainly changed. Look at that photo. You're a lot taller and longer 
and heavier now then'ycu were when you were a pup. " 

•"Well,vyes, Pve grown a lot .since then, haven't I? " Old 
Brown remarked -as he studied the'photograph. 

"But look, th-ere are other properties that haven^t changed 
.at .all/' said Henry. ' . , / ^ ' 

"Like what?" asked Old Brown.. 

^ DO' YOU KNOW WHICH PROPERTIES HAVE NOT CHANGED? 

"Well, the order of features is still the same/ and 'there's 
one to one matching of the main features in the pljoto.with the main 
features you have now," answered Henry. "Let me explain," he 
continued, "In the photo you have* two ears, two eye^^ one head, 
one body, one tail, four legs ^ and you still have the same num- 
ber of features. That's one to one matching." 

"I lost a couple of teeth in a dogfight once," said Old Brown. 

"Well, that doesn't count," said Henry. "What's more, your 
'features are still in the same order now as they are in the photo. 
Your ears^and eyes are on your head and your legs are attached to 
your body and your tail is attached at the other end of your body 
from your head. Your front legs are still your front legs and your 
back legs are still your back legs. At least, I don't think they. 
have switched places!" 



"No, I should say not," laughed Old Brown. "T-'don't reckon 

I could ever get used to a hind leg trading jjiaces with a front leg . 

Or if my head changed places yvith my tailj."' v' * 

". t' ' 

"Another non -measurable property that didn't change is 'the - 
property of boundedness, " said Peter. "And, " he'hastened to ex-^ 
plain, "that's not as difficult to understand as it sounds. All it 
means is that. your skin is stiU in one piece, as it was when you 
were a pup. It's still whole; there have been no cuts or breaks or 
tears in it; " ■ i 

'■And along with that," added Henry, "your property of in- 
out hasn't changed from the photo to now. That means that what 
was inside you when you were a.pup - things like your stomach 
and liver and heart and blood and bcyies and veins — are still in- 
side you. And things outside you — like me — are still outside 
you." ■ - ^ <, . 

"I think I understand what you're saying," said Old Brown. 
•-^*It sounds like you two -fellows have been learning a lot in school 
and reading a lot of books/' ' . . . - 

"Yes, we have," replied Henry. "But," he continued, v/ith 
a far-away look in his eyes, "I'm sure therq are other ways to * 
learn.that 'are- just as good as school. I'll bet you know a lot of 
interesting things that Peter and I donn know." 

"Yes, that's so," answered Old Brown. "And I'll tell you 
about my experiences sometime — there will be plenty of time for 
that. But right now, I'd like to have a good meal and then, a -good 
night's rest. I've traveled pretty far today. " 

"Of course," Henry said. "Let's head back to ths farmhouse. 
V/e have the whole summer ahead of us, when we can tell storii^s 
and talk about the old days." 
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The sun had alr.eady set and the birds vVere going to sleep as . 
the three friends walked baclcto-lhe farmhouse^ Peter, excited by 
the mystery and adventure that Old BroWn seemed to promise, re- 
called his secret'hopes finding , buried treasure. "Say, Old Brown, 
he said, "did you ever find any buried treasures 'anywhere?" 

"Nope, I'm afraid not,^" laughed Old Brown,. "But, there are 
places and there are friends that Til never forget and that's a 
treasure of sorts, don't you think? " 

And Peter, thinking about it, nodded gravely. 



Ask the :ehtldrgft' if they can.thinlcibf any method oLchanging 
a starting set. into an ending set that would change the mea- 
surable properties whiW retaining the^non-meas^jrable prop- 
eraes.^ If no one suggests ^working with balloons or rubber 
sheets, show-them ^a rubber sii^t you prepared^dV one of the 
acti»«ty-^stat'ions^ -^IteW^Jaem ^haf^lhey will allTiave a chance" 
tp: investigate some c^f the properties of rubber sheet "designs 
before and after fhe rubber sheets. are stretched. Al^o say 
that you want them to find out vyHefher these trans formations 
change (Or retain the non-measurable properties of the starting 
sets. 



liivide the class into groups of three each. Have everyone 
tear the three rubber sheet data, pages out of their manuals. 
(These fdilow the last installment of the story.). Holding 
these three sheets of paper'^ogeth^r, tti ey sho ufl^ fold the 
top half back sd that a bookie isiormed. Check to make 
sure that each child's data pages are in order and then staple 
them along the fold. 

• 




Explain that there are ten stations located around the class- 
room. Each group vyill experiment with the materials at each 
station. Call on one group to demonstrate the following pro- 
cedure. - d * ' 

1 . Each group uses only one data booklet while investigating 
th6 njaterials at the activity stations. When they are done 
with all-of the stations, they can record the information in the 
other booklets. Each group will also need one pencil and one 
ruler. 

2. Have the three children go' to Station 2, for example. (The 
rest of the class should look at their^ata sheet for Station 2.) 



10 



Have one,.of the .children holc^ up thg'rubber sheet at Station 2 
'and show.it to the class. They should recognize it as the 
starting set picti/red on their dat^ sheet for Station 2. 

3. Explain that two children in each group are ta stretch, 
bend or tv;ist this rubber sheet but they cannot break, cut 
or tear 'it. The third child should asTc'them to "freeze, " " 
holding the rubber sheet in its distorted state. He then 
makes a sketch of this ending set ia-the space provided on " 
the data s^heet for Station 2. When he :s done, tjie rubber . . 
sheet khoij^ld be put backet the labeled' station for the pext 
'^r&up to us.e. ^ . ' 

NOTE: At SfationiG, where the children are asked to!blow up 

a balloon, each group should^use a, different balloon, for 

sanitary reas'pns. \' 

- * . N 

4. Each grout> should answer the questions at .the Bottom .of 
each data pagfe. The questions for each station are different-, 
so remind, ti)em to read carefully- and answer- the questions 
accurately. For some of the stations they are asked to mea- 
sure the length of'the ending sfet. One child should use his 
ruler to do this. 

5. When tHey are done with each station,^ the group should , 
look for ^, free station. They should go to the free station 
and repeat the procedure, 'it isn't necessary for them to do \ 
the stations in any particular order. 

6. At the n6;xt station, the'^mmbers \yithin-each grouR -should 
svVitch jpbs. . f * ^ 

\ ^' ^ ' ' ^ 

Wh'^n you think the class understands these directions, assign 
/"a gr6up to each station and let them begin. ^ 

Activity C - ^ ' 

After all the children have^transferred the rubber sheet *'infor-^^ 
mation to their own data booklets, have them open their . 
manuals to Worksheet 50-. On Worksheet 50, they record 
, which properties changed and which properties were retained 
in each rubber sheet activity. ^Do the. first one or tv^o exer- 
cises with the children. They sho.uld refer to their^data Book- 
lets for the required information about each activity. 
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Station 


Propcrt ic8 
that changed 


Proptrtlos thftt 
did not chaiiKc 


1 * 


length 




2 




fh-out (or 


3 




(or »'r\- c>uHO 


4 




m-out Co*" 


5 


length 




6 




H^-OOt cor 


7 


length \ 




8 


mag 




9 




lcrooncledfn^>55 . 


10 


Size. 
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Since the properties of in--out <- 
and boundedness are so closely 
related, some children may have 
^difficulty distinguishing between 
'^^etwo. 'This is the distinction ^ 
the authors have made: When 
you talk about a boundary that. 
seiijarates an inner region from 
an 'outer region, you are talking 
about the boundedness property; 
when you talk about the location 
of some element as being "inside 
or outside of some boundary, you 
are talking about the in-out prop-" 
erty* However> if the children 
do not always" make this distinc-. 
tion, don't, press the pointy Ac- 
cepts either "in--out" or "bounded- 
ness" as answers on Worksheet 
50. 



When all the children have corti- 
pleted Worksheet 50, discuss 
their answers with them. Ask the 
children il they can see any relationship between the properties 
that changed for each rublper sheefactivity. Someone will 
probably notice that the properties that changed are all mea- 
surable properties and the properties that did not change are 
all non-measurable properties. Be sure tc^ point out that by 
stretching, twisting or bending the rubber sheets, they were 
able to transform starting sets into ending sets that retained 
non-measurable projjerties and did not retain measurable prop- . 
Arties. 



Use onfe of the rubber sheets to demonstrate what would happen 
if it were cut or"tom\ 



starting set 



endina set 



In the example on the previous page, the boundedness prop- 
erty has changed. The boundary is not connected the way it 
was in the starting set. Point F can be reached- from point E 
without crossing the original boundary. 





In this example, .the properties o^ order, boundedness and in- 
cut have /changed. -) 

In this discussion, stress that tearing, cutting or breaking 
would change the non-measurable properties as well as the 
measurable properties. These ideds will be developedin 
greater detail^^a^he' children progress thrj^ugh the rest of* 
this unit; therefo^, do no*t be^too^cpncerned i^ all the chilr 
dren >do not -unctefsrand them at this §pint. 



Activity D 



Ask the children if they remember the story they read earlier 
abput the two girls na'med Gret^and Irene^and the arguihent ^ • 
;they^*had. Read ttie story, to «^ class again (p.'22-)^and dis- 
cuss the answers to the questions, .using' the ideas the chil- ^ 
dren have studied. The non-measurable properties of the end- 
ing set (the Mickey Mouse ballobn) were not changed from thev; 
starting set (the Mickey Mouse statiie). That is what is the 
same about -the two figures. The measuraJtJle properties, low- 
ever, changed from the starting set to the endilig set arid that 
is what is different about the two figures. 
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- Lesson 1 1 : CLAY TRANSFORMATIONS 



The purpose of thiJv lesson is: 

-'to help the children discover that if they remold a clay 
figure (starting set)' without cutting or overlapping the cl,ay, 
the ending set keeps the nor* -measurable properties, while 
some of the measurable properties are changed. ; 

I 

MATERIALS . " ^ j 

- one-half stick of clay for each child 

- 30 paper clips 

_~ _enPMgh .ne,wspaper.to~cover desk tops 

- measurement devices from earlier lessons (ruler, protractor, 
string, inch grid) 

- Worksheets 51-53 

PROCEDURE . - * , 

In this activity, the children mold clay into the figure of a 
turtle. This is their starting ^et. Then, without )Dreaking, 
cutting, tearing or overlapping the clay of the turtle figure, 
they change it into a figure of a man. This is their ending 
set/ 

^ Distribute one-half stick of clay to each child. If your class 
seems interested in working with clay, you may want to let 
them play with their,clay for a few minutes before giving- any 
specific directions. When the class is ready, have them tear 
Worksheet 51 (both pages) out of their manuals-. The activity 
described at the top of the first page should require very 
little direction from you.* However, you may want to read 
through the instructi9hs with the children before they start-. 
When they have finished making their clay turtles, they should 
look at their turtles to answer the questions on the rest of the 
worksheet. ^^They will also heed their measuring devices to 
answer the cjuestions. 

Have the children save both pages of Worksheet 51 when they 
have completed fhem. Then have them tear both pages of 



Vorkshtet 51 
Vt\lt 2S 



Put M paper clip Inside your piece of clay. 
You should not be able to $ee the clip, 
^lold the cla>7 into thi» ftt«rt Ins set. 



s 



The naln featureis of your clay turtle nre: 
4 llabs, 1 head nnd a body. 



Non-Measurable Properties of Starting 5et. 

1. The p.iper dip l5 located XDSiJS^i- your turtle. » 
You are located In the region OU^Sfjg the turtle. 

2. The order of the «>at.i features U: 



Worksheet 51, conlM. 



□f the tdrtle It a 



3. The surface of the tdrtle It a boundary Ihat^ ' 
«4l$arates the JflilJ^.. rejclon fro* th<>Q<>tS*da 
rex Ion. 



let of StartliiK Set. hwSi*)^^^ 



Measurable Proper t 
If 

U Length of turtle fro« head to back lex = . 
Inchef!. 




Width of turtle's body i . 
Thickness of turtle ^ 



. inchet. 



Surface area x>f top side " 



square Inches. 




5. Mac of this angle on the turtle 



.dexrees. 



^ork.'^hcei 52 
Inlt 25 



>k>ld j-our ciav turtle Into IhK endlni; set. 



Follow the rule: Do not eut, tear, break or 
overlap tlw clay. 



r 



Son ->H«a curable l"roi>er( lc«t of Kmllnt; Set.' 

1. ' Hie iv^fvr t'lip i» located allAidLCi—ttkr »an. 

You are located in the reel on .Q-Ojt Si dCt, the 

f 

2, The order of the iwiu features lux 

^sim ^™lic3d 



Worksheet 52, cont'd. 



3. Tlie surface of the man Is n^bouiidary that separates 
ihp _ift^ ( dg rpginn from thc .^OjfcSldCt reclon . 



Meavir.ible Properties of'Fidlns .Set. Al05v9*^^ VpiU 
1. ItoUht'of can i Inches. ^^Y« 




2. .Width of man's ^lOdv ^ 

3. thickness of laan 



. Inches. 
.Inches. 

4, Surface area of fronl lor backi ' -„ *<l- li>» 



5. Mac of Ihls .in«ie on the wan * 



-degrees. 



100 
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Worksheet 52 out of their manuals and'lollow the instmctions 
at the top of the first page. When they have completed both 
pages of this worksheet, either collect the clay or have the 
children set it esfde. They should refer to both Worksheets 
51 and 52 to- help answer the questions on Worksheet 53. 



Worksheet 53 
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Use Worksheets 52 Jtiid 53 to answer these questions. 

^^^hlch properties chanKed fraa the start Inx set to 
the cndlnc set? 



1. 



These :»r.r iho jMll SUVC/ Iti I j 



.propert les. 



^i»TiIch properties did not chanRe? 

^^^^ 



I. 



3. lialLnd^^lne^ 



These arc thc,/?^ 



L^fpropertles. 



Discuss their answers on Worlc- 
sheet 53. Bring out in the dis- 
cussion the similarities . of this 
clay transformation to the rubber 
sheet transformations they made 
in the last lesson. In both cases, 
the non-measurable properties 
w?re retained from the^sjtaiiting. 



?erfo the ending set, while the 
measurable properties were 
changed. In both cases they 
were not allowed to tear or over- 
'lap their materials. Ask the chil- 
dren if they can think of any rea- 
son why they weren't allowed to 
do- this. Let them demonstrate _ 
their ideas using one of the end- 
ing sets;(a clay man). 



For example, if the. figure of the 
man is broken in half, so that the 
paper clip is visible, the children 
will see that the.in-out property 
has changed, the boundedness 
has changed, and if the pieces 
are moved -in space and recon- 
nected, the order could change. The children VilLundoubtedly 
think of many other examples. In such transformations, the 
non-mea§:ufable properties change; therefore, they were not 
allowed to cut, overlap or tear the clay. 



Lesspn 12: PROJECTION TRANSFORMATIONS 



The purposes of this lesson are: ^ 

- to discover that when a starting set is transformed info an 
ending set by projection, the ift)n-measurable properties 
are retained and the measurable properties are changed; 

- to introduce the term "topological transformation" for types 
of transformations in which measurable properties change 
and non -measurable properties are retained. 

The definition of "topological transformation" presented in 
this lesson is nu. mathematically precise. The condition that 
non-measurable properties be retained" under transformation 
is not always sufficient to guarantee thajt all such transfor- 
mations are topological. However/ for the purposes of this 
unit, this definition is adequate, 

MATERIALS. . ' 

- 4 blank transparencies ^ ^ • 

- 3 printed originals for transparencies (included in the ^ 
. appendix of this manual) . • 

'^'t- overhead projector 

. projection booklets (in Student Manuals, following Work- 
sheet 53) 

- measuring devices (ruler, protractor, string, inch grid) 

- pehcfils - r 

- ruler or yardstick 

- Worksheets 54 and 55 

PREPARATION . - 

^ Make the three transparencies for this lessoa, using the 
printed originals in the appendix. If you decide to draw the 
tiar.a?^»*f?ncies freehand, be sure the measurements correspond 

' -to those of the originals. On the first transparenpy, the line 
segment should measure 5", on the second, sidei AC and CB 
of the triangle should each measure 3" and on the third trans- 
parency, each side of the square should measure 3", 

JLLxJ 



Theiie transparencies are identical to the starting sets in the 
children's projection booklets. Since you will use them to 
produce distorted ending sets, it would.be a good idea to ex- 
periment with the transparencies and the overhead projector 
before starting the lesson! Suggested below are several way 
to produce distorted ending sets. (The triangle trah-sparency 
is used in each example.) In each case, the projector must 
be right next .to the wail to get a noticeable distortion. 

I . The projector faces into a comer of the room. Tilt it bad 
ward so th^ image is cast upward into the corner 



2. ■ The projector faces the wall. Tilt the projector backwaii. 




cornej of room 



\ 




projected image 
(ending set) 



projected image. 



wall 



A 




c 



B 
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3. The projector is^^t^an^angle to the wall. Tilt it backward. 

projected image 




Other possibilities-inelude -proj ecting -the image-onto the 5.eam„- 
where the wall" and the ceiling meet or where two walls and 
the ceiling meet. During the activity, the children may think 
of other surfaces onto which the image may be projected. 

PROCEDURE 

Activity A ' ~ " _ 

Briefly review with the children the two methods they have 
used so far to get transformations in which the measurable 
propferties change and the non-measurable properties are 
retained. (Stretching rubber sheets^ and molding clay.) At 
this point, you might want to introduce a term for this type 
of transformation: topological transformation. .{Sometimes 
it is also called a "rubber sheet" transformation. The chil- 
dren should be able to understandiwhy these-transformatioiis 
are called "rubber sheet" transformations; figures are stretched 
out of shape aW distorted, while certain non-measurable prop- 
erties are retained.) 

Tell the class that they are going to investigate another trans.- 
' formation of a starting set into an ending set". Say that, you 
would like to have them decide if this transformation could be 
called a topological transformation. 

Have the children tear the pag6s of the projection booklet out 
of their manuals. (Thdse pages follow Worksheet 53.) They 
should fold the pages together as they did their rubber sheet 
. booklets and staple on the fold-. They will also tieed their 

lis 



measuring devices and a pencil. Have them open their pro- 
jection iDooklets to Trial 1 and answer the questions about 
the starting set. When they have finished, show them the 
transparency you made of the starting set (line segment AF). 
Have someone show that it is identical to the starting set in 
the booklet by superimposing the transparency of the line 
segment over the line segment in the booklet. 

Project the line segment onto several surfaces (see suggestions 
in PREPARATION ^section). You may have to tape the transparency 
down to keep it from sliding o2f the p rojector. Ask the^children 
to pick one of the projected images as their ending set (for ex- 
ample, the image cast in the corner). Hold the projector steady 
(or have a student do so), and have theichildren draw a picture 
of this ending set in their booklets. 

Have someone measure the length of the projected line segment 
with a yardstick *or a ruler. The qhildren should record the 
length in the appropriate blank beneath the sketch of the ending 

When they-have finished the ques/tiou^ for Trial I , follow the 
same procedure to complete Trials 2 and 3. Call on different 
childreni to make the required measurements of, the ending sets.. 
Several Ghildren may have tp combine their inch grids to mea- 
sure the areBf of the projected square (Trial 3). Wheh all three 
trials have been completed, the^chiTdren-^^h^ould use their in- 
formation tQ complete the chart oathei)ack pag>, of the:.booklet. 
Discuss their answers with them. ^ * " — - 

Ask the children whether or not they think these projections 
were topological transformations. They should see that the 
measurable properties changed, while the non-measurable 
properties did not change; therefore, they are topological 

transformations . - , . • 

k 

Activity B * ( ' 

Do Worksheet 54 with fhe children. You may want to have the 
overhead projector s^t up with a'blank transparency on it. 
Draw the starting set on the trans pe^rency. Let the children 
check their answers by projecting the starting .set onto various 
surfaces,. The children should see that ho matter where they 
project the image, the non-measurablie properties (boundedness. 



Worksheet 94 
Unit 29 



Can the utartinft set be projected into these endlnic 
sets" 



Circle yes or no. 
stirtlni; set 



endinc £ct 



A 






A 




A 


A 


yes 


A 




yes i 


- A » 


\ ^^""-^ no 


A 




no 


Do Worksheet 55 the same *ny- 

n 



Vorksheet 95 
Unit 28 
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in-out. Older) of the" starting set remain unchanged in the 
ending set. Some children might be able to conceive that 
it is possible to project a triangle into an ending set like 
this. ^ ' ' 





This ending set is possible bedause^.the non-measurable 
properties are retained. However, the following is not a 
possible projection, because" the boundedness property has 
not been retained. 
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Have the students complete 'Works hegTS 5 on their own and 
len discuss the answers~with them. 
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Lesson I 3: USING A GRID TO MAKE TOPOLOGICAL TRANSFOR MATION^^ / 
The purposes of this lesson are: . 

- to review the properties of "a topological transformation; 

- to show how a grid can be used to transform a starting set 
into an ending set/ 

. - to show how a grid reference system 6an be used to de- • 
scribe a location. 

The children are introduced to a "tool" an artist might-use-if- -^r 
he wanted to reproduce a painting or a drawing; that is, su- 
perimposing a grid on the original drawing (starting set) and 
transferring what is in each section to corresponding sections 
on another grid. This produces the ending set. 

i MATERIALS 



pencils 

.Worksheets 5'6 - 62 



/ 



»»ork<tM;ct 56 
Unit 29 



.stnrtlntc set 



' cndlnjt set 



PROCEDURE 
A^^tivity A 

Review with the children the . 
three methods they have used to 
make topological transformations 
^ stretching a rubber sheet, 
molding clay and projection. 
Tell them that today they are 
going to learn about a method, 
that artists sometimes use when , 
they want to transform a starting 
set (a picture) into an ending set ? 
(a picture). 

/ ' ■■: * 

9ave the childrenttum to Work- 
sheet 56 . Tell them that perhaps*- 
an artist would want to draw an 
ending set in the larger square at 
the bpttom of the wof^she'et and 
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Horksheet 57 
Ciil t 2S r 



Circle which properhes 
chaimed In each endinic set. 





Is't^ere one to one Mtchlnx between the utr, 
features on the start inic sel and the main features 
on each endlnjc \ Jf^S 



Worksheet 58 
Unit 28 




endlnic set 



would want the result to look as much a? possible like the 
original picture. Then ask: 
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WHAT PROPERTIES OF THE STARTING SET MUST BE KEPT 
IN THE ENDING SET.IF IT IS TO BE RECOGNIZABLE? 

Have the children look at Worksheet 57, which shows three 
^ending sets of the jjictiire that have not kept the properties of 
order) boundednes.s and in-out. Discuss with them why these 
are not very "useful" or "recognizable" ending sets. Then 
have the children look back at Worksheet '56 • Ask them to 
think about the problem that confronts the artist who wants to 
draw an ending set that looks just like the starting set, except 
.that it- would fit info the larger square. The children might 
suggest using a projector, or if-if were on'a rubber sheet, 
stretching it so it would fit the larger square. Accept the chil- 
dren's, ideas and then ask them to turn to Worksheet 58. 



Ask the children what the artis^\has done to the starting set. 
(He has superimposed a grid oyer^^the picture.) Then ask: 



Worksheet 99 
Unit 25 



startlnx ^et 



end Irk set 
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. HOW COUID HE USE THIS 
GRID TO MAKE HIS JOB 
EASIER"? 

Lead the children to see that, if 
they were to construct a similar 
grid (four^sections by four s.e.cr 
tions) on the square at the bot- 
tom of Worksheet 58, they could 
reproduce the drawing section by 
section.. For example, the part 
of the drawing in the lower leftr 
hand section of the starting set 
could be reproduced in its cor- 
responding section of the ending 
set. (It isn't necessary to have 
the children actually transfer the 
drawina^o^n Worksheet 58. Have 

them draw a grid^^orT the- larger 

square and let them transfer the ^ 
picture in their free time or at 
home, if they want to.) 



Have the children turji to Worksh'=iet 59, which shows the . 
drawing reproduced on the square by using a 4" x 4" grid. 
Have them compare the ending set. drawing with the starting 
set drawing to be sure the one to one matching was retained. 
Also', check the properties of order, in.-out and bouhdedness. 
During this discussion refer to certain sections for the stu- 
dents to. fcheck; the children 
should realize that it is dif- 
ficult to refer to certain sec- 
tions and that there is^need 
for'a better reference system. 
For example, it is awkward to* 
say, "The square that is lo- 
cated in the second row from 
the t6p, the third to the right." 



Ask the children to think of 
various reference systems 
and to discuss them. One 
simple reference system is 
shown on the next page. 
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."up" axts 



Choose'.a starting point 
(0,A). 



2, Label the grid lines' (over 
axis: 0/1 , 2, 3, 4; up- -D 
axis: A, E). 

Now, the section that i^ ' C 
shaded can be referred to as, 
"The region between lines 2 
.and 3> and C and D." Dis- b 
cuss the advantages this sys- 
tem has over other systems 
that make references to "right" ^ 



or "Jeft 



0 



2 3 ' 4 

"over" axis 




ending set 
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Activity B ^ * 

Have the children op.en their 
manuals to Worksheet 60, which 
--is^af^icture of a dog :with."a grid 
, superimposed^ it. tAsk'the 
children\what they^puld. do to 
the grid lines that wpiild help 
them refeiv\to certain sections ^ 
of\the grijd A They will: probably 
suggest that they labeK^the grid' 
lines. Have them do this. Re- 
mind them to label the Jtarting " 
.point (0, "A) first. 
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Thr^ illustration^hows how the starting 
set grid should be labeled. ^Have the 
children label the ending .set grid the 
same Way. Have. them draw on the end- 
ing set the lines that are in the regioYi ' 
betw.ee n lines '3' and 4 , G and H on the 
starting set. Ouickly check their draw- 
ings .and then let them finish. Check 
to make sure they get the appropriate 
lines in the correct regions. - 



When all the children have completed Works-heet 60, have ■ 

^hem tear it and Worksheets 61 and 62 out.pf their manuals. 

The/ shquld use the, starting set on Worksheet 60 as a guide 
^ for drawing the ending sets on Worksheets 6J and 62. When- 
^ the children havje completed these worksheet^, discuss with_ 

them which- properties changed and whichvproperties were 
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Workaheet G2 
Unit 28 



Name, 




I I 
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retained in the ending sets on all three worksheets. List 
these properties on the chalkboard. Below is a sample list. 



changed properties 



properties retained 



— area 
r- height 

— "^ width* 

— shape is distorted 
(especially on 

* Worksheet 6,2) 



order of main features 
(2 eyes^ nose, tongue) 
boundedness 
(the region inside the 
outline of the dog is 
still separated from % 
the. region outside the 
dog's outline)' 
in -out 

(the* features inside 
/are still inside) 



The children should realize that themeasuralple projperties 
changed' and the no n- measurable properties were retained. 
Therefore,, these ending sets can be classified as topological 
transformations . ... 



Lesson 14: TRANSFORMATIONS OF A MAP OF THE UNITED STATES 

" : -.2^ £. ^ 

The purposies of this lesson aref 

- to acquaint the children with some of the geographical 
features of the United States; 

- to use a grid to transform one map into another map; 

- to show that when a map is topo logically transformed, it 
still retains certain properties (boundedness, in-out,. 
order) which make the map "useful." 

MATERIALS - . 



- crayons 

- g^obe 

- Worksheets 63-66 



. PROCEDURE 



/ 




HbAt ronllncnt In thl 



•Color Cho OrcnJ Lnkcn blue. 
Color Iht* rivers bitip. 
Color Cflnnd.i srecn. 
Color Mexico yellow. 
Color the United Slnieit red. 
in^n't forxel Aln'^kA nnd {{.nwall.! 



Activity A 

Display a globe at the front of 
the classroom. Have the chil- • 
dren open their manuals to vVork- 
sheet 63 and ask theni to find^. 
on_the globe the area showiTon ^ 
the worksheet."^ Ask: 

WHAT lARGE LAND AREA OR 
CONTINENT IS THIS? (North 
America.) 

CAN YOU FIND THE UNITED 
STATES? . 

Discuss briefly the geographical 
features (rivers, lakes, oceans, 
mountains). Then have the,m 
complete Worksheet 63; After 
everyone is finished, check the 
maps together, using the globe 
as- a reference. 



12i 



erJc 



Unit 2B 




Itorksheet 65 



•tTttng 9tt 




Activity B' 
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Have the children tear Worksheets'64 and -65^out of their 
manuals. Tell them that they are going to, transform the 
starting sets into ending sets, using the grid reference sys- 
tem as ah aid. Discuss briefly the topological properties 
that should be retained in the transformations — order, in- 
cut and boiindedness. Then let them draw the ending sets, 

> 

After the childreti have completed the worksheets, discuss 
their maps with them. Ask such questions as the following. 

WHAT PROPERTIES HAVE CHANGED? (Area, width, height, 
shape.) 

WHAT PROPERTIES HAVE BEEN RETAINED? (Order; of main 
features, in-out, boundedness *) • v 

DOES THE ENDING SET ON WORKSHEET 64 SHOW T:HE 
SAME REGIONS AS THE ENDING SET ON WORKSHEET -65? 
ARE THE SECTIONS IN CORRECT ORDER? ARE THE LAKES 
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AND RIVERS INSIDE OR OUTSIDE THE lAND A^A? 

CAN YOU STILL RECOGNIZE THE ENDING SETS AS MAPS 
OF THE UNITED STATES? 



•orkshe«t 6€ 

Unit 28 





1 
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endin g fiet B 
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Use Worksheet 66 .as a discussion guide to help the children 
visualize how ending sets of the United States could look if 
the topological properties were not retained. Ask the children 
if the maps on Worksheet 66 are "useful" maps. For example, 
ending set C shows the Great Lakes located in the northwestern 
part. of the United States. Ask the children if this map would 
be useful when traveling. in this part of the United States. (No, 
the Great Lakes are not in Montana, Idaho and Washington. 
Ending set C is not a useful or faithful representation of.thi#^ 
region.) 

Discuss with them the usefulness of the maps on Worksheet 
64 and 65 by comparing them to the maps on Worksheet 66. 
The children will probably see that even tljough the maps on 
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Worksheets 64 and 65 ate distorted, they are still useful for 
showing relative locations of geographical features. (Check 
the location of the Great Lakes, for example.) 

Tell the class that in the next section of this unit, they are 
going to use what they have been learning about topological 
transformations to make some very interesting maps. 
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MAPMAKING 



In this section, the children work with the ideas "they have 
learned about topological trans fomations to make flat maps 
of the globe.. In this case, the globe is thought of as the 
starting set, and the flat maps as the ending sets. ' — 

Lesson 15 acquaints the children with the major geographical 
regions of the world and gets them . to compare the properties 
of an area on the globe with the properties of that area on a 
flat map. " „ . ^ 

In Lesson 16, the children are asked to think about the prob- 
lems that early mapmakers faced when- they tried to make " 
. flat maps of the world that retained as much as possible the 
same topological properties as the globe. 

In Lesson 17 they compare different methods of "flattening" " 
the globe, including Roking a hole in it, stretching it and ' 
cutting it. They learn that different methods are" used to 
produce various kinds of flat maps and that different maps 
are useful for different purposes. 

In Lesson I8„ the children review the methods of making 
topological transformations that they learned about In Sec- 
tion 3. These were stretching rubber sheets, molding clay 
using a grid reference system and projecting. They find '■ 
that projecting is best for their purposes and so they use 
the projecting equipment to transform a spherical surface 
into a flat surface. 

In Lesson 19, the children use the projecting equipment to 
project the northern hemisphere from a spherical surface onto 
a flat surface and then compare the properties of their starting 
set with the properties of their ending sets. .They produce 
three different kinds of ending sets: the cylindrical projec- 
tion, the conical projection and the gnomic projection. They 
also^get a chance to predict which regions of the starting set 
(globe) will be most distorted b^ projection into an ending 
set (flat map) and to verify their predictions . 

Lesson 20 is a summary of the most important ideas in the 
unit. 
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Lesson 15:'^ SECTIONAL 'mAPS OF THE GLOBE' 



The purposes of this lesson are: 

• * 

— to acquaint the children with the major geographical 
regions of the world; 

— to compare the properties* of sections oathe globe, 
(starting sets) to the properties of corresponding sec- 
tions on flat^maps (ending sets). 

MATERIALS 

— globes (se.^ PREPARATION) ' . ";v • 

— pencils 

— 30 transparent area grid's (from Lesson 2) 

— Maps A - E (in Student Manuals) 

— Worksheets 67-72 

PREPARATION 

Try to get one-globe for every two students; however, one 
for every four students is acceptable. Borrow the globes 
from other teachers in your school. They need not be 
identical globes. Plan to use them for at least two days. 

PROCEDURE 

Activity A 

Many children have difficulty understanding the relationship 
among continents, countries, states and cities. To help 
clarify this, have the children help you develop the chart 
on the next page. Point out the different regions on a globe. 
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The World 



Hemispheres (Northern and Southern, divided 
along the equator) 



/ 



Continents (Asia,. Africa, North America , South " 
America, Europe, Australia,, Antarctica) 

- . • . / . 

Countries (withiMh^North American. continent, for ex- 
ample: Canada, Mexico /GreenTattd, United States, 
Cuba, Guatemala, etc J . . 

' - 

, States (within the country of the United States, for example- . 
Texas, Minnesota, Hawaii, Alaska, etcj 

1/ ' 

Cities (within the state of California,, for example: Los Angeles 
San Erancisco, San Diego, etc J ^ ' 



Worksheet 67 
Chit 2S 



Naiie. 



STARTING SET - TOE CLOBE . 
Find these rcKlorw on the iclobe. ' " 
If It is hapJ to find the boundaries, look «t Mtp A. 
Hensure the arcn of eachlreKion. 



I. The .ircn of Greenland 



.squnre inches. 



2. The combined arc.i of tie United States (re«e«ibsr 
Alnsk..!, Oinada nnd Mexico i-LjilsquAre inches. 

-square Inches. ^ 



3. The nrea Of Ivurope 



ENDING SET — MAP A 
Find 'thwc re^clons on Map A. 
Measure the area of each rcklon. 



The area of Greenland 



.square Inches. 



2* The combined area of the United States treaeabcr 
Alaska!, C.inada and Mexico square Inches. 



3* The area of Kuropc i. 



-squarp Inches* 



Activity B 

Divide the class into groups. 
Each group should have one 
globe and all the children. should 
have their transparent grids from 
Lesson 2, Have the children in 
each group complete Worksheets 
67 and 6"8 together,^ 'xhey will 
probably have difficulty making 
the transparent area grids con- 
form to the curved surface of 
the globe; however, they should 
try to get an approximate area 
measurement. Point out that on 
Map A the names of the conti- 
nents are written in capital let- 
ters and that the^rest of the maps 
in the manuals have been made 
this way. 



i 19 



O ^J 



ERIC 



>Up A 




PACIFIC OCEAN 



Worksheet C8 
111 It 28 



Name, 



tse your ans»»cr9 on Worksheet 67 toW'lpyou fill 
In' ti»e chart and ans*er the question^ on this 
Morksheci. 





- 1 v.. . i 

starting set ' en«ln« set ^ , 


Greenland 




t.S., Omada 
and Mexico 


area i sq.lnjarea iiJ^L—Sci. In.j 


Europe 


area i -.^ sq.lnJarea 1 JLsq.ln.j 


K Did thu^a 
chance or 


A 

-ea of the regions in the start Inu set 
remain the <Ja»e In the cndinc s<m? 



2. 


Did the l>oundedness of the reittons 


change 


orV 




rcailTi the same? 






3. 


Did the order of tl»e main features 


change 


or 




renaln the snroc? 






4. 


Did the In-out property change or 


rec»ln 


the 




^aflH^? 







When the groups have completed Worksheet 68, discuss their 
answers. The children wilfprobably see that the area (a mea- 
surable property) changed from the globe (starting set) to Map ^. 
A (ending set), while the ^non -measurable properties remained ^ 
the same from starting set to ending set., 

i 

Let the children complete Worksheets 69 through 72 on their 
own or with partners. If you do not have several' globe's avail- 
able, you may want to let the children complete the worksheets 
over a period of several days. After everyone has completed 
Worksheets 69 - 72, discuss the answers. Ask the children if 
there is one, to-one matching of the main features of^the start- 
ing sets with the main features of the ending sets. They should 
see that on each map, the main features match one to one with 
the main features of that section on. the globe. For example, 
on Map A there is just one North America, not zero or two or 
more North America's. 

Discuss with the class the fact that each of the ending sets 
(Maps A - E) retained the properties of order, boundedness 
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■p B 




r 



- " - l'^. AFRICA; >;;f 



INDIAN OCCAN 



ATlw^NTIC OCEAN 



■orivhMt €• 



STARTINC set ' 

rintf Africa on th» flotw. 

MMtwr« th» ai«a. 

^^• arw of Africa i aquar* IncKat. 

MHNG SET 

Find Africa on mp B. 
Mtaaure tha araa. 

Tha araa of Africa a a<iuaire Inchet. ' 



1. Did tjM araa of Africa cKan«e,or r«Mln tha 
tha ttartlnc tat to the endlnf aet? 



2. Did the boundadnatt of Africa change or reaaln 
tha> taae? 



3. Did t1^ order of the -m In featuret change or 
regain the aaac? y« 



4, Did the In-out property change or rem In the * 
sane? 



ATLANTIC OCE^ 





Workaheet 70 
Unit 28 



Naae^ 



STARTING SET 

Find South Africa an the globe. 
Measure the area. 

The area of South Ajuerlca =_^_tquare Inchea. 

ENDING SET 

Flmi South America on Mtp C. 
Measure the area. 

The area of South America = aouarg inches. 



Did the area of South America change or remain 
the •ame from the starting set to the ending set? 



2. Did the boundedticaa of South America change or 
remain the tame? 



3. Did the order of the main featuret change or 
remain the aame? 



4. Did the In-out property change or remain the 
anmc? ?- 
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VorluhM,t 71 *^ 



i 



STARTING ser 

rind AnUrctlcm on the glob*. ^ 
Measure the area. 

The area of Antarctica = aquare Inchea. 

ENDING SET 

Find Antarctica on Map D. ^ 
Maaaure the area. ^ 
The area of Antarctica a * miTe Inchea. 



1. Did the area of Antarctica change or reniln 

the aant from the atartlng aat to the andlnc aet? 



2. Did the boundedneaa of Antarctica chan^ce or 
reMln the aaae? 



3. Did the order of the Mln features chi^ire or 
reMln the aane? 



4. Did -the ln>out'>roperty change or reMln the 
same? 



Worksheet 72 
Unit 28 



Nam 



STARTING 5ET 

Find Asia and Australia on. the f(lobe. 
Measure the area. 

The area of Asia ^ aquMr<» . inrh^it. 
The .irca of Australia ^ agitii r» inches. 

WDING SET 

Find Asia and Australia on Map E, 
Measure the area. 

The area of Asia 1 square. Inches. ^ • 
The area of Australia a square Inches. 



1. Did the area of As In and Australia change or 
reNviln the same from the starting set to the 
ending set? 



2. Old the boundedness of Asia and ^Australia 
change or remain the same? 



3. Did the order of the maln'^features change or 
remain the same? 



4. Did the ln>out property change or remain the 
same? 
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and in-6ut/ while the measurable properties (area, etfc.) 
changed. Ask if, instead of having several jecfionalm'aps 
of thec^dbe, you could make a flat map of the whole world 
that woukrkeep the .non-measurable properties of in-out, 
order and boundedness. How would such a map look? Ask 
the children to think about this .problem for the next few days 
and te^ll them that in the next lesson they will look at some 
early flat maps of the world that.were devised by different 
men whb^ thought about this same problem. 

The geographical ideas introduced in this lesson could also ' 
referred to in a social studies or^dtirrent events class. 

KeepihiB globes for use- in the next lesson. 



<v Les^n 16: EARLY FIAT MAPS OF THE WORLD 



The purposes of this lesson are: 



7 



to study 'the topological properties of some early flat maps 
of the" world/ 

to determine, by conjparing them to the^globe, why lhese. 
maps afe not very useful ending sets today. 



V 



> 



M/^TERIALS 



globes (from Lesson 15) 

- pencils. ^ ' ^ 

- Maps F/ G and H (in Student Manuals) 

- Worksheets 73, 74 arid 75, 



PROCEDURE 



Have the children work irt groups, using globes and Maps Y , ^ ' 
G and H.to answer the questions on Worksheets 73, 74 and'75/ 



Worksheet 73 
Unit 28 



Name_ 



Tear mi« F out of your^jpniinl . 
~ Use Map K and the iclofwio arwwcr, thc^c questions. 

1. Do«s i^Jlfrlcn look (he snme on uoth Map*K mid 
the iClobe? « 



ir tiotf how Ik It different?. 



2. Cftit you fliid ntiy Unce land oreas tkit are on 

lh« itlobc (hat arc not on iMap F?. 

If AO, llat them below. 



3. U there one to one matching between the land 
areas on the Klobc^ind the land areas on Map F7 

^ - . / 

4. Write about. ai\y oth^r'dlffcrcnccs you can find 
bctHccn the region* on the fflobc nnd the r^Klons 
bn Map 



5. I A« Map 1^ a useful 
*tvy or why not ?^ 



ondliiK set of (ho i<lol}e7. 
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Worksheet 74 



/ 



Tear Map 0 out of your luinuAl. 

U»e Map G hni' the xlobe to' .mWr these questions. 

1. Does Greenland lo<A the same on both Mnp G nnd 
the Klobe,?. 



ir not, how U It dffferent?^ 



2. Vfhftt properties have becfj chanitcd?^ 



FhKl North Anerlcn oii the irlobe. 
Find North Anerlca on Map C. ^ 
[>i»es North Americn look the same on both7« 
If not, how U It dlffergnf> 



Are the-e nny nreas on the irlobe tK^t are not 
on Map C?. ^ i 



If there are, list them l>eIow. 



Is there one to one nuit^hlntj between land are.is 
on the, clobe and land arens^on Man 0? ^ 



. 6. Is Map Q a useful cndhu set of the itlobe?^ 
»hy or *hy not? 



*torkshcer 75, 
Uiilt 29 



Na»e_ 



Tear MapJ|l out of your nuinpal. W 
Use Map H and the kIoIw to aiwwer 5 



hcsc quest tons. 



1. Docs North America took the same on both Map II 
aiHi the gfobg? * 



"If not, how Is It different?^ 



2. Are' there any other areas that arc not the sawe 
on Map II nnd the Klobc?.^ . ^ 



Wilch area? 

now Is it different? 



" Which area? 



flow Is It different? 



Milch area?* 



flow Is It different? 



3.«. Is there oni^.to one nvit chine; l^etwecn land areas 
on the nlolH* ,and land .irens on Map II? ^ * ^ 



4*. Is Mnp t| a useful ending set of the Klol)e?_ 
Why or >»hy iiol?,,,,, ^ 
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(They should tear the maps out of their manuals' in order to 
study them more easily,) When they have. completed the> 
worksheets, discuss their answers. Below are some ideas 
that^ should be covered in thfe discussion.. 

These maps are not one to one transformations pf the globe; 
many regions have been left'^off the maps. ^Ask the children 
why they think this happened. Someone will probably notice 
the dates on the map's antl remember that certain regions had 
not yet .been discovered by explorers. Besides noticing the 
lack of one to one matching between the globes and these 
maps, the children will probably notice that non-measureble 
properties have chaunged. For example, on Map G, the bound- 
ary of Greenland is connected to Asia and'Eurppe. Therefore, 
regions that are actually located' outside the boundary of 
Greenland are not represented correctly; the in-cut property . 
has changed. Also, the inside region (the Greenland region 
on the globe) is no longer separated from the outside region'; 
the bpundedness property has changed. On the globe (starting 
set), the order is Grfeenland, Ocean, Norway. On Map G 
(ending set), the order is Ocean, Greenland, Norway;'the or- 
der of the main features has changed. 

^ipcusfe why these old maps of the wohd are not very "useful" 
or^^^thful" ending sets of the globe. (They don't keep one 
to one matching of the main features, nor do they keep non- 
measurable properties such as order., in-out.and bpundedness.) 

Repeat the questions you asked at/the end of Lesson 15. 

CAN W£ MAKE A FLAT MAP' OF THE WORLD THAT RETAINS 
THE NON-MEASURABLE PROPERTIES SUCH AS ORDER, 
^ IN-OUT AND BOUNDEDNES^? 

/ 

IF«WE COULD, WHAT Wdto SUCH A MAP LOOK LIKE? 

^ WOULD THE REGIONS LQOK LIKE THEY DO ON THE GLOBE? 

Xell the children that in the' next lesson, they will look for 
.solutions to^h^e- questions. 

V • / . • 

• V ■ ; 
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Lesson 17: FLATTENING THE GLOBE 



The purposes of this lesson are: 

- to acquaint the children with the topological difficulties 
of "flattening" a sphere (the globe); 

* \ 

- to discuss the -usefulness of different methods of flattening 
global maps; ■ T 

- to compare the propertieis of a standard Mercator ipap iith 
the properties of global maps; , i 

- to show that different flat maps of the world are useful for 
different purposes. and to let the children speculate abotit 
how these maps can be made with the fewest. changes in, 
the topological- properties of the globe. . 

' " . 1 

MATERIALS . | 

- 1 hollow rubber ball (in third grade Icit) / 

- 30 pairs of scissors / 

- I straight pin or other sharp instrument ' 
-' [ balloon ^ 

. - Worksheets 76.%nd 77 ^ j . 

PROCEDURE 
" - Ask the children: 

CAN WE MAKE A FLAT MAP OF THE WORLD TIHAT KEEPS THE 
N ON- MEASURABLE PROPERTIES QF ORDER, IN-OUff AND 
BOUNDEDNESS OF THE SPHERE? ' / 

Show the children the hollow ball. Ask them to thiik of this 
ball as the globe. Then ask if anyone can flatten it without^ 
changing its properties, of order, in-out and -bound edness. 
Let volunteers try but their ideas. No matter how/^hey stretch 
it or step on it, they will not be able to make it Lie flat. ' 



% 

Then ask: 



WHAT DO WE HAVE TO DO TO THE BALL TO MAKE IT FLAT? 

Someone will probably suggest poking a hole in it. Let him 
do this with a pin or some other sharp instrument. Squeeze 
the ball so that the air inside comes out. Ask the children 
v/hat properties of the ball changed when the hole was poked 
in its surface. (The boundedness property and the in-out 
property have changed. Some children may recall the balloon 
'activities they performed in Lessons 5 'and 6/ in which the 
properties of in--out and boundedness of a balloon were changed 
by .poking a hole in it.) . " 
#. ^ ^ 

Once a hole has been- made >lh the ball and the ball is deflated/ 
the. main problem is to make the entire surface visible from one 
side. To illustrate this prcjblem to the children, put an "X" on 
one side of the deflated ball. If you hold the ball with the X'd 
side toward you, the class will not be able to see the X-, and"^ 
^ vice versa. . ^ 

^Ask the children what can^^be dene to the ball to make the entire 
surface visible from one side.. Some child will probably suggest 
stretching the edges of the hol.e until the entire surface is flat. 
Do not do this with the ball;- instead, try it with a balloon, 
which stretches oiit more -easily. 

The children should be able to visualize how the edges could 
be stretched out so the surface is flat and entirely visible 
from one side. Ask them what they think would happen to the 
land areas drawn on the surface of the globe ij^ the globe were 
stretche.d this way. (They would become very distorted in 
some areas.) 

Another method for flattening the,ball^is to make several cuts 
in it until it lies flat. Do this with the demonstration ball. 
Tell the children that cutting the jjall is one way to make it 
lie flat. Have them look at the maps on Worksheet 76 (see 
reduction on the next page). These maps were made by "cut- 
ting" the globe. Discuss the properties of these maps and 
compare them With the properties of the globe's surface. 
Point out that in this case, not only have the topological 



128 



133 



properties of the sphere 
changed, but also the topo- 
logical properties of the con- 
tinents on the sphere's sur- 
face. For example, on the 
maps, the boundary of Nortli 
America is disconnected in 
several plaqes; this is not 
true of the boundary of 
North America on the globe. 



IMit M 




NOTE: Some children may become confused when they compare 
the properties of the globe's surface with the propertiesvof the 
map's surface. They are not comparing the sphere (three di- 
mensions) with the flat taBp (tWo dimensions). Rather, they 
are comparing the surface of th^ sphere (two dimensions) with 
the flat map (two dimensions). ' Perhaps the following examples 
will help to clarify this distinction. 

1 . The boundary of Nbrth America on the globe's surface can. 
be compared to the boundary of North America on the flat 
map. In this example^ a boundary on the 2-dimensional 
global surface is being compared to a boundary on the 2- 
dimensional flat map surface. 

2. The boundary of the sphere, that is, the^'matefial (steel, 
rubber, etc.) that' creates the boundary that separates the 
inside region from'the outside region of the sphere, can- 
not be compared to the boundary of North America on the 
flat map. 
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3. The inside and outside regions of the sphere (i.e. , the air 
inside the. ball and the air outside the ball) cannot be com- 
pared to the inside and outside regions of North America on 
the flat map. 



When discussing Worksheet 76, bring out the idea tbcit these 
are not very useful ending s.ets of the globe because of the 
many cuts that were made that changed the non-measurable 
properties of the continents. Tell the class that although it 
is necessary to make some cuts, we want to make as few as 
possible when making a flat map of the globe. Ask the chil- 
dren to turn to Worksheet 77, which shows a standard Merca- 
tor map. Discuss the properties of this map (ending set) by 
comparing it to a globe. (starting set). 

- ^ 

Compare^ the lines of latitude and 
longitude on the globe to these 
lines on the Mercator map. The 
children will probably see that on 
the globe, the lines of longitude 
all meet at the NoAh and South 
Poles (points, in both cases). 
However, on the Mercator map, 
the lines of longitude are parallel; 
and the points that were the North 
^. and South Poles on thejjjobe have 
become "stretched out" to become 
lines the same length as the equa- 
tor. Discuss what effect this 
"stretching -out" at the poles has 
on the land areas in these regions, 
especially Greenland and Antarc- 
tica. .Have the children label 
these two land 'areas on Worksheet 
77. • ■ . 

Have the children label Australia, 
the Pacific Ocean and North Amer- 
ica on Worksheet 77. Ask them if 
they think thi^map would be very "useful" for the captain of a 
ship sailing from Australia through the Pacific Ocean to North 
America. (No. The Pacific Ocean is located on both the right 
and left sides of the map.) The cut that made the map. lie flat 
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was made along the 180 line of longitude. Discuss how the 
map could have been made so that the Pacific Ocean was left 
whole. (It could have been cut along a different longitude 
line, one that did not bisect the Pacific Ocean ) 

Discuss the usefulness of this map for other purposes. For 
example, would a traveler going across Europe and Asia be 
able to use it? Or an airplane pilot flying the Polar Route ■ 
between London and Njew York? Or an explorer in Antarctica' 
The children should see that the map.on Worksheet 77 is 
adequate for some purposes but not for others. Stress the 
idea that for different purposes you need different maps, one 
for which the cuts that make it He flat are made along different 
longitude lines.. 

Ask the children to think about how ma^makers construct flat 
maps that have only a few cuts in them and that keep the prop- 
erties of order, in-out and boundedness as much as possible 
Ask them to think especially about how the Mercator map (Work- 
sheet 77) was made. Accept their speculations for now and " 
leave the question open. , 
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Lesson 18: PROJECTING IMAGES FROM A SPHERICAL SURFACE 
ONTO A FLAT SURFACE 



Jhe purposes of this lesson are:- 

— to review the methods used in earlier lessons to make 
topological transformations and to discuss whether these 
methods can be used to transform a global surface into a 
flat ending set; 

' — to investigate how a point light source and a transparent 
plastic half--sphere can be used to project designs from a 
curved surface onto a flat surface; 

— to investigate the measurable and non-measurable proper- 
ties of the ending sets that are formed by projection. 

i ' ' 
MATERIALS " / 

— overhead projector 

— transparency of designs I and 2 (included in the appendix 
of this manual) 

— I globe 

— projection equipment (in third grade kit): transformer^ plas 
tic half-sphere, lampw^trans-lucent plastic sheet 

-~ black-grease pencil 

— 30 rulers ^ , 

— 30 transparent area grids (from Lesson 2) - ^ - 

— 30 pairs of scissors 

— Worksheets 78-82 

PREPARATION 

Cut out the two design pieces on the transparency for this 
lesson. The transparency is in the appendix at the back of 
this manual. Set up the projection equipment on a d^on- 
stration table as shown on the next page. It would be help- 
ful to study this equipment before conducting the lesson in 
order to become familiar with it. 



Set aside ttie projection equipment so it is not visible at the' 
Beginning of the lesson. 



PROCEDURE 



At the end of the previous lesson, the children were asked to 
think about how they could make different flat maps of the 
world that have the least amount of changes in the properties 
of order, in-out and boundedness^of the continents. Discuss 
any ideas the children come up with. If they have difficulty ^ 
thinking of ways to make such maps, ask them to recall' some 
of the transformations they made earlier in this unit - trans- 
formations that-kept the properties of boundedness, in-out and 
order. Ask them to think of how they could use these methods 
to make a flat ending set of the globe. Listed below are the 
different methods for making topological transformations that 
•the children have studied and some suggestions for discussing 
them. " ■ ' ■ ^ 

1 . Clay molding transformation 

If they had a globe made out of clay, theoretically it could 
^ be molded into a flat map. ' However, this is not very prac- 
' tical. . ^ 

2. Rubljer sheet transformation 

If they had a globe made out of rubber, they could poke a 
hole in it and stretch the edges of the hole until the entire 
. Surface was flat. They could also cut the rubber -globe 
and stretgh out the areas by th.e polar regions. • 




before stretching 



after stretching 



Again, neither method is very practical. 

3. Grid trans foTmation - — — >■ " 

They could use the lines of longitude and latitude on ,the 
globe as their starting set. Each feature found in-the ' 
grid sections could be trans formed^to a rectarfgular ending- 
set grid. The ending set might look something like the 
Mergator- map- o n Worksheet 77 firom Les son 17. 

4 . Projection transformatio'h 

The children will probably remember the projection booklets 
' they comp^leted in Lesson 1 2 whpn they'used the overhead 
to project' figures onto the wall. . Ask the children if they 
have any ideas about how this projection method could be 
used to project a global map onto other surfaces. .Accept 
all reasonable ideas. Let several children test their ideas, 
using the overhead projector, globe and anj? other equip- 
ment they wish. For example, some child may place the 
globe on the overhead. He will soon discover that the 
spherical globe projects onto the screen as a black, cir- 
cular region. 

After the children have had a chance to test several of their 
ideas, show.them the projection equipment you set up earlier. 
Ask them if they can think of some way this equipment could 
- be used to project soiiiething from a curved, spherical surface 
- onto a flat surface. Gather the children around the demon- 
stration table on which the half-sphere equipment has been 
/ set up} so that they all can see it. Make a design with a 

grease pencil on the clear half-sphere. Ask the children for 
suggestions on how to^ project' the design. Carry out their 
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suggestions as closely as pos-' 
sible.. Then show them the sheet 
of translucent plastic and sug- 
gest' that it could be used as a' 
possible "screen" on which to ' 
project -the design. Darken th^ 
room and cast the design you drew 
on the half-sphere onto the.ceiling 
and- other surfaces (a large sjieet - 
of newsprint, etc:). 

Show the children designs I and 2 
that you cut out. Tell them that 
these two designs are going to be 
used as starting sets and the pro- 
jected images, 'of these starting 
sets will be the ending sets. How- 
ever, before you begin- projecting, 
ask the children to return to their 
desks and to tear Worksheet 78 out 
of their manuals. Worksheet 78 
has copies of the, transparency 
designs on it, * 



»ork*he«t 7t 
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Worksheet 79 
Unit 2$ 



. Properties of StArt InK Set I 
.Measure the dUtsncc* between the followlne points: 



A and 
B and 
C and 
b and 
, A and 
K and 
G and 
II and 
I and 
F ami 
X and 



Inch 
Inch 
Jnch 
Inch 



K i-i2wlnchfi5 
G i.^'^,lnch 

I --^y^lnch 
' ilyL-lnch 
1 J^lnch 
C :^X.lnches 



Starting at point A aiKl eolnx to point K, the order 
of the points K<: 



K at point F and Kolnic 
polnl9 Im 



KlartInK at point F and Kolnic to (K>lnt tht order^^ 
x>f the poinl9 Is; 



Vorluht*! 90 

Unit 2t' 



PropertiOT oT Startlnx S«t 2 
Mea.ure the dlitance between the follaiilnjj points: 

/ and B ijj Inches ^ 

B.and C i_L.inch 
C and D i^^lnches 
* 0 and A.i_^inch 

«Jm iMd?'*' ^ your 

• rea of rectangle AKD ijS_.qu«re Inchen 

Check your aniwer. .Meaiure the rectanxle with 
yoir are« jcrld. " 



Starting «t point A and goinx In the direction of 
point D, the order of the points U: 



IJo HirnU located Innlde the rectanfle. ^ 
Itow iMny buM arc located outalde the rectan<tle7j5_ 
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The students will neeajru-lers-; transparent area grids and 
Worksheet-^8't(Dccrmplete Worksheets 79 and 80; which are 
TBcord sheets for listing the properties of the two starting 
sets (designs 1 and 2). When the children have completed 
Worksheets 79 and 80, tape design I J[starting set 0 to the 
half-sphere, as shown. 




Ask.themno tear out Worksheets 81 and 82. These are record 
sheets for the ending sets. Project the starting set onto sev- 
eral surfaces , including the translucent sheet (screen) . Hold 
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lit 28 

•> « 
\ Properties of Endlns Set 1 

\ 

Me«ftU^e the distance between the fol towing points: 

A\nd B I Inch 

B C i Inch 

C and\^ = Inch ' 

D and Inch 



A and E InchS 

P and G Inch 

G and H ^ ^ tnch 

M and I i J^lnch 

I and J 4 .Inch 

F and. J i lni;h 

X ang C i Inch^ 



\ 

Start InK at point A and %o\x^9i to point E, the order 
of the points Is: \ 

_A_.-^ Q,^JL.^ 

\ 

start Ini (it point F mid Koln« to pHint J, the order 
of (ho points Is; \ 



Workaheet S2 
^ Unit 28 



Name. 



* Propertlea of Ending Set 2 
Measure theudUtance between the folIowlnK polnta: 



A and B 
B and C h. 
C and D 
T) and A 



finches " 
finches 
finches 
^1 nchea 



Find .the area of rectangle ABCD without uVinK your 
area %t\A\. 



area of rectangle ABCD i. 



.aquarc Inches 



Check your answer. Measure t^:»c rcctanKle with 
your arc^ nrld, * 



Styrtlnrt at point A and *(olnf In the direction of 
point D, the order of the ^Ints Is: 



Ik) Hun !s located Inside the rcctanKtc. 

How many bUKs arc located outside the rcctanRlc?.A.jJl — 
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the screen in several positions. Ask the children to choose " 
onerp6sition as the ending set position. 




Then use a grease pencil or felt tip pen to outline the projected 
image on the screfen. When this is done, lay the -screen flat ' 
on the table and have someone measure the distances aske'd for 
on Worksheet 8 1 . He should tell the-te'st of the class the mea- 
surements, so they can record them on their copies. of Work- 
sheet 8:i . ■ Have some otker student tell the class the other in- 
formation asked for on the worksheet. ] . 

When everyone has filled in Worksheet 8 I , follow the.same pro- 
cedure for design 2 (starting set 2), recording the properties, of 
the ending set on Worksheet 82. When thfe children have all 
completed Worksheet 82, ask them.to compare the properties of 
each starting set to.its ending s4t.^ Disquss which properties 
changed and which properties .were retained. 

The children should see that this method can be^us^'to pro- 
ject a starting set on a spherical surface o'rito a screen that 
can be flattened, and in this way, the non-measurable prop- 
erties are retained, while the measurable properties are " 
changed. . . - . , r . 

End this lesson by asking the children .to think about how this 
equipment could be used to make a flat ending set of -the globe. 

f 

Save the equipment to use in the next lessb.n. ' 

i /' ' ' ■ 



Lesson 19: MAPPING THE GLOBE • 



The purposes of this lesson are: 

- to use the projection equipment from Lesson 18 to project 
-the globe onto a'ilat surfa.ce; 

- to compare the properties of a half-sphere starting set . 
with the properties of" tKree flat ending sets. These three 
ending sets .are a cylindribal, projection, a conical projec- 
tion and a gnomic projection; 

- to give the children a chance to predict which regions of 
the starting set will be the most distorted in each of the 
three ending sets, and to verify'these predictions^, 

MATERIALS . \ ' ' - 

* — projection equipment (from Lesson 18) ^ 

- 4 transparencies of Northern Hemisphere pieces (included 
in the appendix at the back of this manual) - 

- transparent tape 

• — 30 pairs of scissors" 

- glue 

- pencils 

- 30 rulers 

— ^ 30 transparejit area grids (from Lesson 2) 

ESS unit. Outdoor Mapping (optional); fqr informatiqn - 
about obtaining this booklet, write to the Elementary 
Science Study of Education Development Center, Inc. , 
55 Chapel/Street, Newton; Massachusetts 02160 

- Worksheets 83 - 95 , ■ * . 
^•PREPARATION 

Cut^out the twelve map section^ on the four transparencies 
for this lesson/ Th.e transparencies are in the. appendix. 
Set them aside so they are not visible at the beginning of the 
lesson. Set up the h^lf-sphere projection 'equipment on a 
^ demdnstraUon table, as! you did for Lesson 18.. ^ 



PROCEDURE 



Activity A 



Gather the children around the dempnstration table on which 
the projection ^equipment is located . Ask them how they think 
the equipment could boused to" make a flat. map of.the globe, 

.and give them a^hance to "use the equipment, to try ouftheir 
Ideas . They will probably discover that they need, a trans- 

.parent global mapyo that" the light source can project'the 
globe outward onto a. screen. Show the children the trans- 
parent sections of the Northern Hemisphere that you cut out 
earlier. Ask them if they h'ave any ideas "about how they 
-could ai'se these. They will probably suggest taping the seq- 

■tions'to the half-sphefe. ■ ' 




Tape the bottom of one transparent section to .the bottom edge 
of the half-sphere and the.n tape the top down. Do this with ■ 
the other eleven sections, making^ sure' the latitude liAes 
match.^^hile you are taping. on the sections, the children 
will Rfobably notice that it is difficult to make the pieces* 
cqnfc/rm completely to the curved surface of the sphere.. How- 
ever, for your purposes, these strips conform to the curved 
surface' well enough. * , • . / 

tell the children that this half-globe is the sta^^ng'set and . 
that they will project it" onto- different surfaceil^o mak'e differr 
ent ending sets. Then have, them return to their desks. Tell 
them they will be vyorking in pairs to investigate some of the 
properties of the starting set. Each pair will put together a.* 
half-globe similar to "the transparent one you made. Work- 
sheets 83 through 86 contain the twelve map sections. 




worksheet 85 
Vnit 28 




worksheet S6 
Unit 28 




4 
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' Uork^hovt 87 
Lull 2H 



Trope rt it' > of Start Inc Svi 
. ^fcM%ur<.' the arva of the*c rcctons. 

Grmtlntid Miuare Inches 

'CuKuKi — .»qunrc laches 
,Al.i^k.i square Inches 

lxiitc<l Stntv.t • .Mfunre Inches 

^Vxiio -■ ._^^M;a^re jnchcis 

I.S.S.K. • .square Inche.'^ 

Fijrijp^- ^square 'inches 

Chtna '^^Mjaire inches 

I nil 1 4 • „_^>(iuare inches 

/ 
/ 

The helKhl or I he loUt-rs uscil to IaM the 
f>ceans Inches. / • 



* 


Ik' re.vly to discusis 


r 

V 

t|»e non«nieasurable properties 




of the NtarUnc set 


f^'lhe half-clolH;) with your 

/ 




einsscvites. 




/ 






*• 





Discuss the following procedure 
with the children. 

1 . Each pair of children should 
use only one set of Worksheets 
83'- 86. i 

2. One partner should carefully 
cut out the map sections and 
arrange tHem in the order of the 
numbered, tabs. 

3. The Qther partner should glue 
the sections together in order. 

4. When the sections are glued 
together^ the children should 
use their rulers and transparent 
area grids (from Lesson 2) to 
complete Worksheet 87. 

When t^ie children measure the 
area of various regions on their 
half-globes, one partner should 
hold the sections togefher, while 
the other partner measures- the 
area. . * 
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When they have completed Worksheet 87, gather the children 
around the demonstration table* Discuss the non-measurable 
properties (order, in-out, boundedness) of the starting set. 
Tor example, the boundary of Greenland separates the inside 
"land region" from the outside "ocean region. " If a piece of 
Greenland were placed on .the outside ocean region, the in- 
put property would be changed. Also discuss the order of the 
, large land areas; for example, on the North American conti- 
nent, the order of the main land areas is Alaska, Canada, 
U, S, , Mexico • Ask the children to give an example of a 
change in the order of these land areas, (One example would 
be Alaska, Mexico, U. S., Canada.) 

Activity B 

Remind the children of the designs they projected in Lesson 
18. Bring out in the discussion the idea that, depending on 
the position in which the screen was held in relation to the 
half-sphere, different ending sets were formed that had vary- 
ing amounts of distortion. 

Tell the children th^t they will project three ending sets of 
the half-globe starting set. The screen will be held in three 
different positions. Demonstrate the three positions ais shown 
below. 




ylindrical 



conical 



gnomic. 



Vorkstifei SS 
Vntt 28 



Predict «Oft Sheet — Endln« 5et i 
If the 9cre?n ta held ^1 ike -tCiU: 



^'»Mch reclon *lll be mrt 
dlftorted or itretched? 



1- tireeMland or Mexico 



2. China or India 




-♦t Milch letters olll be m\Te dlitortcd? 
1- The "A* or the -Q" In ATLANTIC 



2. The *X)" or the ♦•N" in OCEAN' 



chlwy" P'^'P*'**** ''^ boundedneat 



Worksheet 69 
Unit 28 



Naa 



Properties of Didlnc Set I 

.Heafure the area of theae recions. 

Greenland i^^square liKhes 
^xlco l^_square fnchea 

China square Inches 

India i square Inches 

Measure the helirtit of these letters. 

"n^e -A" In ATLANTIC i Snchei 

"Hie "C In ATLAVriC i Inches 

In QCEAS £ inches 

The •N*' In OCEAV i inches 



Is the order of .the Min features the saae or 

dIfferent7__S^_|^£.__ 




Has the baindedness property changed? /J ft 
Has the In-out property chanted ? /O/i 



Have the children turn to Worksheet 88. -They should find 
Greenland, Mexico, China and India on their half-globes 
(starting sets) . Ask them to recall their work with the design 
sheets and the different amounts of distortion that occurred. 
They should predict which regions will he more distorted when 
the screen is held in the position shown on the worksheet. 
Go through the rest of Worksheet 88 with the class. Each 
child should fill in his own predictions. When all the children 
have completed Worksheet 88, project the half-globe onto the 
cylindricaUy held screen. (Tape the bottom corners of the 
screen to the half-globe.) 

Have the children turn to Worksheet 89. Have different chil- 
dren measure the area of the regions, listed on the worksheet. 
(These measurements must be made on the screen, not on the 
half-globe.) They^ should repeat the measurements to the class 
so each student can record it on his copy of Worksheet 89. 

Some children may notice that the Polar Region is not on the 
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cylindrical projection. The jiiagram below may help you ex- 
plain why Ihis is so. 




Notice that the North Pole is projected straight up and there- 



fore cannot be seen on the cylindrical screen. The regions \ 



near the North Pole could be projected onto a cylindrical 
screen, if the sdreen were vpry tall and the lamp were much 
tbrighter than the one in the projection equipment. 



V/hen all the children have finished Worksheet 89 , have them 
compare it with Worksheet 88 and discuss which properties of 
the starting set changed and which were retained. Also dis- 
cuss which/regions were more distorted. Ask the children if 
this map (cylindrical projection) reminds them in any way of 
a flat map of the v^orld they've seen before. Someone will 
probably notice that this projection is similar to the Mercator 
map,' the North Pole becomes a line instead of a point, and 
the lines of longitude become parallel. 

Do Worksheets 90 through 93 the same way as Worksheets 88. 
and 89, However, y9u may want to. divide the class into 
small groups and let them experiment with the equipment over 
a period of several days , lining Worksheets 90 through 93 as 
guides for their investigations. Whichever way the children 
do this activity, discuss the worksheets with them afterward. 
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worksheet VO 
Vnlt 28 



Nap 



PredlcMon She<ftv» EndlnicSet 2 
If the screen Is i^ld like thU: 



♦ which rexlon *»11 1 be aore 
distorted or iitretch«H]7 

, 1. GreeHjand or U tiled Stntet 



2. Europe or the U.S.S.R. 

•^Ahlch letters will In; aore distorted? 

1. Tlie "A" or the "C"* In AThANTIC ■ « 

2. Tlie "P- or th- -F" In PACIFIC 




-^»111 tliQ properties of onler, In-qut and Umiidediicss 



i^orksheet 92 
Vint 2S 



Predict Ion Sheet — Endlnc Set 3 
If the screen Is held like this: 
i 



Which region will be more - 



distorted? 
1. AlAska or Mexico 



2. The U.S.S.R. or India 




*»hlch letters win be more distorted? 

1. The In ATLAVrir or the "0" In OCEAN 



2. The "I or the "A" In INDIAN? 



*wi||, the properties of order, In-out nod boumtedifcss 
chAnice? 



Worksheet ^1 
Unit 28 



K»»e. 



Properties of Endlnic Set 2 

Measure the area of these reiclon^. 

Greenland &^_*^quare Inches 

. United States i square Inches 

Europe t square Inches 

U.S.S.R. a . ,,square inches 



Measure the heUht of these letters. 

The "A" In ATLAS'TIC £ Inches 

The '•C In ATLANTIC i Inches 

The -P" In PACIFIC .5 Inches 

The -F- In PACIFIC i inches 



Is the order of the swiln features the same or / 
different? '^m^^ / 




lbs the bounde<ness property changed? , ^a 



Ills the In-out property chanRcd?^ 



Worksheet 93 

Unit 28 



Nasi 



/ 



Properties of EMinf Set 3 
Mtasure the area of these readons. 
Alaska t square Inches 




Mexico £ square Inches 

U.S.S.R. 1 aqu^r* Inches 
Indls squsre Inches 



Messure the height of these letters. 

The "C" In ATUWriC L Inches 

The 'Xi- In QCEAN ± Inches 

The in INDIAN i Inches 

The -A- In *INDI|H » Inches 



Is the order of the sMln features the ^as« or 
different?, SoJ^iCc 



Has the boundedncfls property chsnned?_JiCL 
Itss the In-out property chanted? 
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Activity C 
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Have the children look at Worksheets 94 and 95. Using the 
information they have learned, ask them to speculate about 
how^the screen was held to get the standard projections shown 
on these worksheets. Then gather the children around the 
demonstration table on which the projection equipment is set 
up. Have several children demonstrate how they think the 
screen should be held to get these projections. They should 
be able to support their ansWers by giving detailed descrip- 
tions of the identifying characteristics of each kind of projec- 
tion.^ For example, on the cylindrical projection, the grid 
lines are parallel. Also, there is much distortion near the 
Polar Regions and little distortion near the equator.* Some 
child may notice that it resembles the Mercator map. 

After the children have discussed all three kinds of projection 
— cylindrical, conical and gnomic — - discuss which properties 
have been retained in each projection (bdundedness , order 
and in- out) . 
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The children should, see that ev^en though-the measurable 
properties changed, there 'is still one to one matching of the 
main features cn the half-globe '^vith the main features on 
.each projection. For example, 4ach major land area on the 
^ half-globe\can be matched one to, one with its projected image 
: on the screen; there is just one North America on the screen, 
Cuba is not missing, etc. , 

Some children may notice the absence of the Southern Hemi- 
sphere on the-gbnical and gnomic pirojeptions on Worksheets 
94 ^nd 95. Discuss with them the -following suggestions on 
^ how projections of the Southern Hen^isphere could be made. 

I .. Conical ' 

• \ 

Form the screen into a cone-shap'e and place it over a 
half-globe that has the Southern Jlemisphere printed on it. 

2. Gnomic ^ 

- ■ ■ " ' " 

Place the screen tangent to the South Pole oil' a half-globe 
that has the Southern Hemisphere printed on it. 

Discuss these three standard projections in terms of their — 
"usefulness" for different purposes. Here are some questions 
you might ask: - > ^ 

^ . s • 

w-hich projection would an arctic explorer use^ 
Why? ' \ 

which projection would an airplane pilot flying " 

FROM NEW YORK TO MOSCOW USE? wkY? 

WHICH PROJECTIOl^ WOUXD. A PERSON TRAVEUNG AROUND 

THE World on a ship use? 

The children s.hould see that each projection \s suitable fot 
different purposes . ' 

Ask the children which projection they would ilse if they 
wanted to make a map of North America. Theylwill probably 
suggest the conical, -since on it. North America is the least 
distorted. .\ 
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The students should hav^ an opportunity to experiment 'with 
some of their own ideas, using the projection. equipment. 
You could keep the equipment set up in a corner of the room 
for a. few days. The children should also be encouraged to 
follow their interests in mapping by investigating other types 
of maps, such as, relief maps, contour maps, physical mapg, 
etc. Some chiid\might want to find out and report on how a 
globe is made, wnile others might enjoy making a clay con- 
tour map of the playground, as described in the ESS unit 
Outdoor Mapping , (See page I 38 for instructions on ordering, ) 
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Lesson 20: SUMMARY LESSON 



This lesson reviews and summarizes some of the main ideas 
introduced in this unit. Briefly, these include the notions 
that when a starting set is transformed into an ending sef, 
both the measurable and the non -measurable properties may 
change. -However, -thefe -is a large-class of "useful" trans- ■ 
formations that involve changing only the measurable prop.- 
prties. Examples of "useful" or topological transformations , 
•include checkerboard distortions, rubber sheet transformatio^ns, 
clay molding and grid transformations of naps and pictures. 

MATERIALS "' ' ' 

— pencils 

- Worksheets. 96 - 99 
PROCEDURE 

Use Worksheets 96 - 99 as a guide for "reviewing and sum- 
marizing the main ideas in this unit. One possible proce- 
dure to follow would be to discuss which properties changed 




\ 
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•Worksheet 98 
Vnlt 28 



• (art inn set 



starting set 




• starting set 




endhiK set 




endliiff set 




endtnic set 




WorktVe< 99 
Unit 28 



•tartlnf set 




and which did not change from the starting sets to the endiVig 
sets pictured on each'worksheet. (Each transformation that^ 
is pictured was actually studied in this unit J Then you could 
ask the children to generalize about which kind of properties 
were retained to produce a "useful" ending set (non-measurable) 
and which kind of properties changed and still produced a "use- 
ful" ending set (measurable). 



End the lesson by asking the children to think of otlfer kinds of \ 
transformations in which the measurable properties change and 
the nonr-measurable properti'es do not change. 



\ 
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Lesson 12 
Trial 2 



Lesson' 12 
Trial 3 1 
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